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Abstract 



Explicit exact formulas are presented, for the leading order term in a strict 
chiral covariant derivative expansion, for the abnormal parity component of 
the effective action of two- and four-dimensional Dirac fermions in presence of 
scalar, pseudo-scalar, vector and axial vector background fields. The formulas 
hold for completely general internal symmetry groups and general configura- 
tions. In particular the scalar and pseudo-scalar fields need not be on the 
chiral circle. 
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I. INTRODUCTION 



This paper is the second part of the work initiated in |TJ on the explicit computation 
of the effective action of chiral gauge fermions, including scalar, pseudo-scalar, vector and 
axial vector external fields, within a strict covariant derivative expansion. Ref. dealt with 
the real part of the effective action and here the imaginary part is worked out at leading 
order for two- and four-dimensional fermions. The main feature of both works is that a 
strict covariant derivative expansion is carry out, rather than a perturbative, commutator 
or heat-kernel expansion, and that explicit formulas are given which hold without putting 
any restrictions on the external field configurations nor making assumptions on the internal 
symmetry group. In fact this generality helps to concentrate on the computational issues 
and results in a easier calculation. 

The imaginary part of the effective action of chiral gauge fermions (the phase of the 
fermionic determinant) displays some well-known peculiarities as compared to the real part. 
It presents a 2ni multivaluation, anomalies in the chiral symmetry and contains topological 
pieces. In comparison the real part only displays a scale anomaly, which however is absent in 
the imaginary part. These peculiarities make this piece more interesting from the theoretical 
point of view and has been the source of deeply original insights PHltJH . Consequently it has 
been extensively studied in the literature (for reviews see e.g. fTT| , |T2"|j .) 

The presence of the chiral anomaly introduces some mathematical subtleties in the def- 
inition of the effective action at the non-perturbative level [JD] since the chirally covariant 
renormalized current (the variation of the effective action) fails to be consistent |L3| . These 
complications are also present in the computation of the effective action in the framework of 
an asymptotic expansion, such as the covariant derivative expansion to be considered here. 
A direct computation must necessarily break chiral invariance and becomes prohibitive if one 
insist on a strict derivative expansion except for particular internal symmetry groups. The 
reason is that in a strict covariant derivative expansion both the scalar and the pseudo-scalar 
fields must be treated non-perturbatively, and as a rule it not possible to treat two or more 
operators non-perturbatively unless they commute. For instance in [14] such a calculation 
is done for two-dimensional fermions with SU(2) internal symmetry group. In that case the 
particular algebraic properties of su(2) allowed to carry out the computation, but the same 
method cannot be extended to general groups. 

An alternative method is to make a chiral rotation to fix the chiral gauge so that there 
is no pseudo-scalar field. Then a direct calculation becomes possible, using for instance a 
^-function approach combined with a symbols method [0. Because the chiral gauge has 
been fixed (or rather, reduced to a manageable vector gauge invariance), such as result is, 
in some sense, manifestly chiral gauge invariant (the anomaly comes through the Wess- 
Zumino-Witten term generated by the chiral rotation). However, this procedure is not 
completely satisfactory for various reasons. The result would be given in terms of the 
rotated variables rather than in terms of the original external fields. In addition, it does 
not fully exploit the symmetries of the problem; as will be shown, within the derivative 
expansion the effective action depends analytically on the external fields, in a sense to be 
made more precise below, and this property is not explicit in terms of the rotated variables. 
Analyticity is a property of the effective action functional which is not shared by most 
functionals that are chiral invariant (modulo anomalies). Another important shortcoming 



2 



of that method, as compared to the method to be presented here, is that the functional 
depends on three objects, the (rotated) scalar field S, the axial field A and the vector gauge 
covariant derivative Dy, whereas in our approach there are just two objects, an effective 
scalar field m and an effective vector gauge covariant derivative D which behave almost as 
those of a vector-like theory (i.e., a theory without pseudo-scalar nor axial vector fields). 
This results in a great reduction of the amount of algebra required, due to the smaller 
number of algebraic combinations and the fact that analyticity is preserved throughout. 

The method proposed in this work is based on using a suitable notation which allows 
to map certain chiral invariant objects with an analytical form (and in particular the chiral 
covariant effective current) to the corresponding object in an effective vector-like theory. 
This allows to carry out computations in the effective vector-like theory and then map back 
the result into the chiral setting. This is a kind of analytical extension from the vector-like 
case to the full chiral case and the chiral result so obtained corresponds to the LR version 
of the effective action. This procedure is very convenient from the computational point of 
view since the vector-like case is very well understood and many methods exists to dealt 
with it. In particular the issue of renormalization is almost trivial since the requirement of 
(effective) vector gauge invariance completely fixes the form of the effective action. 

For the normal parity component the mapping between chiral and vector theories is 
literal and applies to the effective action itself. This is exploited in Jl[] . In the abnormal 
parity sector the mapping from vector to chiral holds whenever the trace cyclic property is 
not involved, e.g. for the covariant effective current, but not for the effective action itself 
since this would not allow for the existence of the chiral anomaly. In our formalism this is 
reflected in the fact that m is odd under cyclic transformations. Our strategy will then be 



along the lines of Schwinger's method |T5|, i.e., we first to compute the covariant effective 
current and subsequently use this current to recover the effective action. This second step 
is done by writing down an explicit analytical functional of the type of the Wess-Zumino- 
Witten term which saturates the chiral symmetry breaking terms of the effective action, and 
adjusting the remainder, which necessarily will be chiral invariant, so that the correct current 
is reproduced. The calculation of the current is done from scratch by using essentially the 
method of symbols, but in the improved version due to Pletnev and Banin |L6] which reduces 
the amount of algebra while preserving explicit gauge invariance throughout. 

In Section [II] we recall the notation introduced in JIJ and extend it to cover the abnormal 
parity case. A set of notational conventions are introduced so that the chiral case can, to 
a large extent, be treated as a vector theory. A further convention is introduced which 
allows to carry out explicit loop momentum integrations without assuming commutativity 
of the operators involved. This convention is illustrated in the same section with the Wess- 
Zumino-Witten action which is brought into an explicit Lagrangian form preserving manifest 
global vector gauge invariance, for a general gauge group. In Section |TTl| the chiral covariant 
effective current is explicitly computed at leading order in the derivative expansion using 
the method of symbols for the two- and four- dimensional cases. In Section [TV] we introduce 
an extended version of the gauged Wess-Zumino-Witten action which holds off the chiral 
circle and depends analytically on the external fields. Next we consider the general form of 
the possible chiral invariant remainder (which saturates the full abnormal parity effective 
action at leading order). This remainder is then explicitly determined from the current. In 
Section [V] several comments and extensions are given. In subsection |V A| we show that on the 
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chiral circle our extended gauge Wess-Zumino-Witten term reduces to the usual one and the 
chiral invariant remainder vanishes. This result is extended to the case of an Abelian chiral 
radius and in particular to the full Abelian case. In subsection |V B| the effective density (the 
variation of the effective action with respect the scalar and pseudo-scalar fields) is explicitly 
computed and the anomalous continuity equation verified. Both for the current and for the 
density an unexpected extra symmetry is found which does not follow from Lorentz and 
chiral symmetries but seems to depend on the concrete properties of the effective action 
functional. In subsection |V C| the VA version of the effective action is considered and the 
corresponding formulas are given for the particular case of vanishing pseudo-scalar field. In 
subsection |V D| we show that the imaginary part of the effective action vanishes when one 
of the matter chiral fields is a spacetime constant and there are no chiral gauge fields. Next 
we show how this observation, plus the assumption of analyticity, is sufficient to completely 
determine the effective action in two dimensions and puts restrictions in higher dimensions. 
In subsections | V E| and |V F| we consider further properties of the extended gauged Wess- 
Zumino-Witten term and of the chiral invariant remainder. Finally in subsection |VG| we 
verify a descent relation which relates the effective action in d dimensions with the vector 
current in d+2 dimensions and the Chern-Simons term in d+ 1 dimensions. In Appendix [A] 
we collect the formulas corresponding to the chiral anomaly and the various versions of the 
Wess-Zumino-Witten action and Appendix |B| contains the explicit formulas for the effective 
action and the effective current in two and four dimensions. 



II. NOTATION AND CONVENTIONS 

We will follow the notation and conventions summarized in Section II of ffl. The exten- 
sions needed to adapt these conventions to the pseudo-parity odd case are presented below. 
(Ref. [TJ deals with the pseudo-parity even component of the effective action, W + .) Because 
some of these conventions are not standard, the reader is invited to consult the Section II 
of [0] for further details. 

The spacetime is Euclidean and flat and its dimension d is even. The class of Dirac 
operators to be considered is 

Ti=p R P R +p L P L + m LR P R + m RL P L (1) 

where P R) l — §(1 ± 7s) are the projectors on the subspaces 75 = ±1. Our conventions are 

In = lli {l^ lv} = , 7s = 7s = 7 5 _1 = Wo • • • 7d-i , tr Dirac (l) = 2 d/2 , (2) 

where r\& = ±i d ^ 2 (a concrete choice will not be needed except in Section |V G|) . D^' L = 
d^+v^ ,L are the chiral covariant derivatives. The external bosonic fields v^ ,L (x) andrriL R (x), 
m R L(x) are matrices in some generic internal space (referred to as flavor), the identity in 
Dirac space and multiplicative operators in x space. In order to avoid infrared divergences we 
will assume that the matrices ttilr and m R L are nowhere singular. No algebraic assumptions 
will be made on the internal space matrices in the derivation of our results. Of course, at 
the end, they can be applied to particular interesting cases, such as Abelian groups, or the 
case of scalar fields on the so-called chiral circle, mL R (x)m R L(x) = M 2 , M 2 being a constant 
c-number, for which many results exists. 
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In what follows, the symbol ( ) will we used as a short-hand to denote 



In this formula d is the space-time dimension, rja is the normalization in 75, tr refers to flavor 
only, B is some n-dimensional integration region, and X is some differential n-form which 
is a matrix in flavor space. In general B will be the spacetime and X4 a <i-form, and the 
subscripts B and d will be suppressed. 



A. Specific conventions 

The effective action is a functional of the external fields, defined as W[v, m] = — Tr log(D), 
where some regularization plus renormalization is understood. The pseudo-parity transfor- 
mation is defined as the operation of exchanging the chiral labels R and L everywhere. 
The effective action then decomposes naturally into a pseudo-parity even (or normal parity) 
component, VK + [u,m], and a pseudo-parity odd (or abnormal parity) one, W - [u,m]. The 
latter is also characterized by being purely imaginary (in Euclidean space), containing the 
Levi-Civita pseudo-tensor, having topological pieces, displaying mult ivaluat ion by integer 
multiples of 2ni, and presenting an anomaly under chiral transformations. 

The effective action can be expanded into terms with a well-defined number of covariant 
derivatives (or equivalently, of Lorentz indices). For each such term T, one can consider its 
pseudo-parity conjugate T*, i.e., the same expression as T after the exchange of all labels 
L with R. Then we will adopt the following convention (see Section II of JIJ for further 
details): 

Convention 1. In W + , the terms T and T* will be identified, so that under this convention 
T actually stands for \{T + T*). In W~ every term T is identified with — T* and thus 
T stands for \{T -T*). 

Consider now a typical chiral invariant expression such as tr(F / ^ / £) M m^£) I/ mi/j). (As 
usual, 

b,m RL = D^m RL -m RL D L ^ F* = [D* D*\ , 

etc.) It can be observed that each factor falls into one of the following classes, according to 
its chiral labels, namely RR, LL, RL and LR. For instance, D u rrtL R lies in the class LR. By 
inserting such a factor in an expression, the chiral label is flipped from R to L as one moves 
from right to left in the formula (or equivalently on the fermion loop). On the other hand 
Fff v belongs to the class RR and it does not flip the chiral label. Further, it is observed that 
in such a chiral invariant expression any two adjacent chiral labels belonging to two different 
factors are equal (e.g. the label L in D^mRLDvUiLR)- This must be so in order to preserve 
covariance under chiral transformations. Moreover, if the expression is inside the trace, the 
first and last chiral labels must also coincide for the same reason, due to the cyclic property 
of the trace. Thus in chiral covariant expressions the following convention can be used (see 
Section II of U for further details): 
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Convention 2. In expressions where the chiral labels are combined preserving chirality, 
these labels are redundant and will be suppressed, so a term such as X RR Y RL Z LR 
will be written as (XYZ) RR .f] Inside a trace it is sufficient to write tr(XVZ) plus the 
convention that the first (and last) implicit label is R. (This last convention is needed 
to fix the sign in the pseudo-parity odd case.) 

For instance 

tr(F,B, D M m D v m) = ti^F^D ^m R LD v rriL R ) 
= ±ti(F^D IM m LR D u m RL ) 

= -\x{F^,b,jnBLD v m LR ) ± hi(F^D^m LR L) u m RIj ) . (4) 

The ± refers to respectively. 

In the pseudo-parity even sector, the cyclic property of the trace works as usual within 
the index-free notation introduced by Convention 2 [I]. However, the cyclic property is 
modified for W~ . Let X be of type LR or RL then 

tr(Xm) = ti(X RL m LR ) = ti(m LR X RL ) = ±ti(m RL X LR ) = ±tr(mX) , in W ± . (5) 

This is equivalent to saying that, in W~, the object m changes sign under the cyclic property. 
The same is true for any object that flips the chiral label, i.e. of the type RL or LR. Consider 
now the following identities in W~ (where / and g are ordinary functions) 

tT(f(m)g(m)) = tr(g(m)f(-m)) = tr(g{-m)f(m)) . (6) 

The first equality follows from moving f(m) to the right, the second one from moving g(m) 
to the left using the (modified) cyclic property. This equality implies that only the even 
component of the function f(x)g(x) (under x — > —x) contributes. This is just an illustration 
of the obvious consistency condition stating that the number of chirality flipping factors 
must always be even (e.g. f(m)g(m) must contain even powers of m only) because in any 
expression inside the trace the first and the last chiral labels must coincide due to chiral 
invariance. This observation applies to W + as well. 

In this notation, the chiral rotations rriL R — * VL^rriLR^Ri etc? become 

m^n^mn, ^->n" 1 v M n + n~ 1 s^J2, (7) 

whereas for infinitesimal rotations, fl R ,L = exp(a^ j i) with a R) L infinitesimal 

5m = [m,a] , 5v fl = D^a. (8) 
A further convention is introduced in namely 



x This example assumes, of course, that we know beforehand that Y and Z flip the chirality label 
and X does not. This is the case in practice since, is constructed with D^' , m^n and vn R ^. 
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Convention 3. In an expression f(Ai, B 2 , . . .)XY ■ ■ ■ the ordering labels 1,2,... will denote 
the actual position of the operators A,B,... relative the fixed elements X, Y, . . . so 
that A is to be placed before X, B between X and Y, etc. That is, for a separable 
function f(a, b, . . .) = a (a) /3(b) ■ ■ •, the expression stands for a(A)X(3(B)Y ■ ■ ■ 

Note that this convention is independent of Conventions 1 and 2. Combining the several 
conventions and the cyclic property one has, for instance 

tr(/(mi, m 2 )F ftv F a p) = tr(/(-m 3 , m 2 ) F ^ F af3 ) = tr(/(-m 2 , m 1 )F olP F tlv ) (9) 

in W~ . In the first equality, mi (m in position 1) is moved to position 3 (i.e. becomes the 
rightmost factor) using the cyclic property, becoming — m 3 . Then, in the second equality F M!/ 
is moved to the rightmost position, and the position labels of m are modified accordingly. 

Before proceeding, let us comment on the meaning of an expression, such as f(Ai, B 2 , C 3 )XY, 
with operators acting in different positions. It should be clear such an operator is a well- 
defined one. The simplest way to reduce it to a more usual form is by expressing the function 
/ as a linear combination of separable functions, 

f(z u z 2 , z 3 ) = ^ a i{zi)Pi{z2)li{zz) , ( 10 ) 

i 

then 

f{A u B 2 , C 3 )XY = <*i(A) X (3i(B) Y 7i (C) , (11) 

i 

and the right-hand side is perfectly well-defined. In fact such a representation in terms of 
separable functions is the usual means by which the Convention 3 enters in the calculations 
(typically the sum over i corresponds an integration over the momentum of the loop). An 
alternative method to fully characterize the operator f(A\, B 2 , C%)XY is by means of its 
matrix elements. In this context, the natural procedure is to use as basis the ones formed 
by the eigenvectors of the operators A, B and C. Let us denote these basis by |n, A), \m, B) 
and \r,C), with associated eigenvalues a n , b m and c r , and let (n, A\, (m,B\ and (r,C\ the 
corresponding dual basis, then 

(n, A\f(A x , B 2 , C 3 )XY\r, C7> = £ f(a n , b m , c r )X nm Y mr , (12) 

in 

where X nm = (n, A\X\m, B) and Y mr = (m,B\Y\r,C). (This is easily established using the 
previous representation in terms of separable functions.) This kind of representation is in fact 
the one usually employed in the literature (see e.g. The point to be emphasized is that 

the operator depends solely on the function / itself and not on any particular representation. 

Special care requires the use of the Convention 3 in combination with Conventions 1 
and 2 in practical applications. This is because the meaning of the symbols under the 
Convention 2, depends on its position in the formula. For instance, in an expression such 
as tr(/(/r?i, m 2 ) F ^ F ap) , where / is a complicated function it may not be clear how to 
expand the formula, i.e., how to put back the chiral labels. Fortunately, there is a simple 
general procedure to do so, namely, to decompose / into its even and odd components under 
m 1>2 -> ±m 1>2 , 
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/(mi, m 2 ) = A(ml, m\) + m 1 B(m 2 1 , m 2 .) + m 2 C(m 2 , m 2 ) + m 1 m 2 D(ml J m 2 .) . (13) 

As noted above, consistency requires / to be even under m — > — m, thus B = C = 0. This 
produces 

tr[/(mi, m 2 )F llv F (X p] = trL4(m 2 , m 2 )(F MZ ,)(F Q/3 )] + tr[D(#n?, ^)(mF /fl/ )(mF £ ^)] . (14) 

Now, from our conventions it unambiguously follows that the chiral labeling is 

tr[A(m 2 R1 ,m 2 R2 )(F*)(FK)] + tr[D(m 2 Rl ,m 2 L2 )(m RL F^)(m LR F*)} . (15) 

In this formula Convention 1 still applies, m 2 R = m R LmLR and m 2 L = itilritirl^ 

Several illustrations of the Convention 3 (besides its use in W + ) have been presented 



in yj] and elsewhere |17| Jlq| . Here we present another application which will be needed 
below. First let us introduce a standard differential geometry notation: the quantities dx^ 
are anticommuting, d d x = dx§dx\ ■ ■ ■ dx^-i, d is the differential operator dx^d^, v stands for 
v^dx^, D = D^dx^, F = D 2 = dv + v 2 , etc. Consider now the following ra-form 

X = f(A u ...,A n )(dA)\ (16) 

where A is some matrix- valued function defined on some manifold, and f(zi, . . . , z n ) is an 
ordinary function. We want to compute dX. To this end, recall the rule [|IJ 

W) = /w-/w M , (17) 

Al — Ji 2 

for an arbitrary variation of A (the labels 1 and 2 refer to A before and after 8 A, respectively, 
following Convention 3). In particular, df(A) = (f(Ax) — f(A 2 ))/(Ai — A 2 )dA. Applying 
the operator d to X as defined in eq. flTBD , and using the previous rule to variate each of the 
arguments A t in X, immediately yields 

dX = Af(A 1 ,...,A n+1 )(dA) n+1 , (18) 

with 

J{zx,... 



Af(zx,...,z n+ i) = 



,fc+i • 



, , Zk — Zk+1 

k=l 



(19) 



Because the operator A is a representation of the operator d acting in the space of ordinary 
functions, it follows that A 2 = 0, as it is readily verified. The same operator appears when 
the covariant derivative D is used, instead of d, although in this case terms involving the 
field strength tensor F are also generated. 



Alternatively, the second term could have been written as tr[D(m 2 , m^imF ^ u m)(F a ^)], yielding 
tr[D(m Rl ,m 2 R2 )(mRLF^ u rnLR)(Fap)]- This is equivalent to the previous result. 
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B. Application to the Wess-Zumino-Witten action 



An interesting illustration of the usefulness of the Convention 3 can be given by using 
it to explicitly integrate the WZW action ||. In two spacetime dimensions, the WZW 
functional takes the form 



wzW J 4?r 



1,2 [ 3 , ^3 = ~tr [{U~ l dUf] . (20) 
Jb 3 6 



The integration takes place in the interior of a three-dimensional ball with a sphere S 2 (the 
compactified space-time) as boundary. The field U(x,t), which takes values on some matrix 
group, interpolates between u(x), at t — 1 and a single point, say U — 1, at t — 0. Because 
is a closed 3-form and u(x) contractile, the functional can be written as the integral of a 
2-form over S 2 : 



wMU] = ?" I ^ (21) 

47T ./ S 2 



with 



tl 2 = - f dttr[{U- x d t U){U- x dUf] , (22) 
Jo 

and the result does not depend on the concrete interpolation. We will make use of our 
Convention 3 in order to explicitly carry out the integration on the parameter t. As inter- 
polating field, let us takef] U(x,t) = u(x) f = exp(t log u(x)). The branch of the logarithm 
can be chosen with continuity because u(x) is contractile to 1, by assumption. Using the 
Convention 3 

U- l d t U = \ogu, U- l dU= l ~ i ' U2/Ul)t du, (23) 

U\ - u 2 

where the labels 1 and 2 refer to before and after du, respectively. When these formulas are 
inserted in the expression of Q 2 , U~ l d t U carries a position label 1, the first U~ l dU block 
gives rise to labels 1 and 2, and second block to labels 2 and 3. Due to the cyclic property 
u 3 is then identified with This gives 



ttn = - / dt tr 



r 1 _ {U2/Ui y 1 _ {ui / U2 y 

log Ui du 

U1—U2 u 2 — Ui 



(24) 



3 The choice U(x, t) = l+t(u(x) — 1) is even simpler and, of course, gives the same result, however, 
it may be disturbing that it does not lie on the group manifold when u(x) belongs to a group of 
unitary matrices. 

4 No confusion should arise with our previous observation (cf. eq. (||)) that m changes sign under 
the cyclic property in the case of W~ , since the Conventions 1 and 2 are not being used here. On 
the other hand, du does change sign in under the cyclic property since it is a one-form. 
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The point of following this procedure is that the dependence on t is now explicit and U\ and 
u 2 are effectively c-numbers, therefore the integration over t is immediate 



Q 2 = tr [h WZ w(ui,u 2 )du 2 ] , (25) 
where the function /i\yzw is given by 

W21 , 22) = _J_ ( ■<*(*)-■<*(») - i (I + I)) . (26) 



It should be noted that, due to the cyclic property, the relation in eq. (p5|) does not uniquely 
determine ft-wzw^i, 22) unless the further constraint /iwzw(^i, 22) = — ^wzw(- 2; 2, ^i) is im- 
posed. On top to this, a symmetric component can be added which does not contribute 
inside the trace. In actual applications of the formula the purely antisymmetric version of 
ft-wzw is clearly preferred since an unsymmetrized function (although not fl 2 itself) could 
in general present spurious singularities at U\ = u 2 as well as spurious scale violations. 
The latter refers to the following. Q 3 is invariant under an arbitrary local rescaling of U, 
U(x,t) — > X(x,t)U(x,t), where A is a c-number. Because Q 2 is unique in some sense to be 
discussed below, it must also display this invariance. The invariance under a global rescaling 
already implies that (the symmetrized version of) ^wzw must be an homogeneous function; 
the possible breaking introduced by the logarithm is canceled in this version. Further, the in- 
variance under a local rescaling is also preserved due to kwzw(z, z ) — in the antisymmetric 
version. 

The precise statement is that /iwzw is the unique function that works for a generic gauge 
group, that is, if no further assumptions are made on the algebraic properties of the field 
u{x). For instance, any function h would give the correct vanishing result in the particular 
case of an Abelian gauge group. Another interesting case is that of u G SU(2). For this 
group u + u~ 1 is c-number and the same goes for any function g(u) such that g(z) = g(z~ l ). 
This is sufficient to show that, for any antisymmetric function h(zi,z 2 ), 

tr [h(u 1 ,u 2 )(u- 1 du) 2 ] = tr [h^u^iu^duf] , (u G SU(2)) , (27) 

thus, in particular 

n 2 = tr [hwzw{u)(u- x du) 2 ] , (u G SU(2)) , (28) 

with 



41og(z) — z 2 + z~ 2 
hwzw(z) = 2 , _ • (29) 



It is interesting to note that, in principle, the function /iwzw^i, z< i) can also be deter- 
mined through an equation involving only ordinary functions and no differential forms. This 
comes about as follows. The equation to be solved is Q3 = dQ 2 , where fl 2 is the unknown. 



For the latter, the general form in eq. (25) is proposed, whereas ^3 can be rewritten as 

" 3=tr HwkH- (3o » 
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The relation in eq. (|T^) then implies 



- (Ah wzw (z 1 ,z 2 , z 3 ) + Ah WZ w(z2, z 3 , z x ) + Ah wzw (z 3 , z ± , z 2 )) , (31) 



3 z\z 2 z 3 3 

where the cyclic property has been used to be able to equate both sides of the equation.0 
Because of the lack of the appropriate mathematical techniques, this kind of equation does 
not seem to be particularly useful to determine the function /iwzw, nevertheless it has the 
merit of reducing a problem of differential forms to one of ordinary functions. Certainly it 
serves to check our previous result for /iwzw- 

The analogous expressions in four dimensions are 



wzw 



[U] = ^J b ^ } n 5 = -~tr [(tr W] • (32) 



Qa = tr 



Ul u x Ux lMiM 3 \ U12-U4I, . 1,1 
+ _ + ~ n~~ I + 2 71 T lo g( U l) ) UU 



Ui 2 u 23 u 3A u 41 \u 2 u 3 u A 2u 2 u 4 J u{ 2 u X3 u\\ 



(33) 



where For the sake of shortness the function has not been explicitly sym- 

metrized in order to extract its invariant component under cyclic permutations. As noted 
before in the two dimensional case, such a symmetrization is needed in practice. 

Because in the four-dimensional case the integral refers to a 4-form, the formula seems to 
predict a vanishing value (or more generally, a multiple of 2m ) for the WZW term when the 
gauge group is three-dimensional such as SU(2), whereas actually the result is a multiple of 
m . However, the in result corresponds to configurations which cannot be contracted within 
SU(2). Another observation is that the use of arbitrary functions h(zi, z 2 ) in two dimensions, 
or h(z±, z 2 , Z3, Z4) in four dimensions, allows to propose phenomenological contributions to 
the effective action in the pseudo-parity odd sector, which are more general that the usual 
WZW term. All these possible new contributions are automatically invariant under global 
vector transformations (u 1— > Q^ 1 uQ with constant Q). Among them, the WZW term is 
singularized because it is invariant under global chiral transformations (u 1— > Vl^uttji with 
constant Ql,r)- On the other hand, it can be noted that fl 2 (or in four dimensions) is 
not the unique solution of ^3 = dQ 2 , since Q 2 + du) (u> being an arbitrary 1-form) would also 
be a solution. Q 2 is singularized because it is the one solution which is manifestly invariant 
under global vector transformations. 



III. EXPLICIT COMPUTATION OF THE CO VARIANT CURRENT 

As stated above, our purpose is to compute the leading term of the pseudo-parity odd 
component of the effective action of Dirac fermions. By leading term we mean that with 



5 It should be noted that the operator A does not commute with the operation P of projecting 
the component which is invariant under cyclic permutations. Thus if A is now applied to the 
right-hand side of eq. (|3l|) the result does not vanish (despite the property A 2 = 0) but it does 
vanish after a subsequent application of P. This expresses the fact that the 3-form is closed. 



11 



the less number of covariant derivatives and covariant will always refer to chiral gauge 
transformations. Because , m] contains the Levi-Civita pseudo-tensor, the leading term 
is that with d Lorentz indices, d being the space-time dimension, which is assumed to be 
even. In practice we will consider d = 0,2, 4. All other higher order terms in the derivative 
expansion are ultraviolet finite and thus free from anomalies and mult ivaluat ion. The chiral 
anomaly, mult ivaluat ion and topological pieces of the effective action are contained in the 
leading term. There are no other anomalies (such as scale or parity anomalies) in iy _ [f , m] 
in even dimensions. Since no higher orders will be considered in this work, from now on 
iy _ [f , m] will be used to refer to the leading term. We will always work with the LR version 
of the effective action except in Section |V □ and Appendix Kl. 



A. The covariant current 

Due to the presence of the chiral anomaly in the pseudo-parity odd component of the 
effective action, VF~[u,m] is not a chiral invariant functional and this makes advisable to 
use an indirect procedure to compute it. We will adopt the traditional Schwinger's approach 



T5| of working with the current, i.e. the variation of the effective action [p!3| , pT| . The reason 
of course is that there is a version of the current which is chiral covariant and thus easier to 
treat. 

For subsequent reference, we note that there are two quantities to be distinguished: the 
effective "current" J~ which is related to the variation with respect the gauge fields, and the 
effective "density" J~ which is the variation with respect to the scalar fields. The consistent 
effective current and density will be defined as 

SW-[v,m] = (J-5v + J m 5m) . (34) 

Our conventions 1 and 2 are being used, 5m and 5v are arbitrary variations of the external 
fields, and 5m, 5v, J~ and J~ are 0-, 1-, (d — 1)- and <i-forms, respectively. ( ) was defined 
in eq. (|). 

In addition, one has to distinguish between the consistent and the covariant currents. 
The former is the variation of the effective action but it fails to be chiral covariant due to the 
presence of the chiral anomaly. On the other hand, the chiral covariant version J~ c is not 
consistent, i.e., is not a true variation. Both versions of the effective current are realizations 
of the same formal object. This means that they coincide in their ultraviolet finite pieces 
and so they differ only by a counterterm which is a polynomial in the external fields and 
their derivatives: 

J~ v = J~ c + P(v) . (35) 

P{v) is a fixed known polynomial which depends solely on the gauge fields and its derivatives. 
This polynomial is purely geometrical in the same sense as the chiral anomaly, and in fact 
is is completely determined by the anomaly [TIJ . 



The idea of the calculation of VF - ^, m] is as follows. We will explicitly compute the 
covariant current, then we will write the most general form W~[t>, m] consistent with chiral 
and Lorentz symmetries, with some functions as unknowns, and finally these unknowns will 
be chosen so as to reproduce the current. It is only necessary to make sure that the effective 
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action is uniquely determined by this procedure. That this will be the case can be seen by 
the following argument. Let A~[t>,m] denote a possible ambiguity in the effective action 
allowed by this procedure. Because the current is reproduced, A~[t>,m] must actually be 
a functional of m only. In addition, A~[m] must be chiral invariant, since we have already 
imposed the correct chiral transformation on our functional. Then it can be evaluated in 
any chirally rotated configuration, and in particular one can always choose itilr — mm- 
It follows that the ambiguity vanishes since this functional is odd under pseudo-parity, i.e., 
under exchange of the labels L and R. 

It is also possible to use the density J~ instead of the current. In this case the am- 
biguity can only be a function of v and it is easily shown that no such chiral invariant 
functional exists, at leading order. (The previous argument for the current holds, however, 
to all orders in the derivative expansion.) An advantage of J m would be that there is no 
distinction between consistent and covariant density (the consistent density is automatically 
chiral covariant). Nevertheless, within a derivative expansion, the current is preferable for 
purely technical reasons, namely, the current contains d — 1 derivatives whereas the density 
contains d and thus it requires more work. Explicit formulas for the effective density in two 
and four dimensions are given in Section [V B| . 

In order to highlight the main results of this section, the calculation itself will be deferred 
until the end of this section. As will be clear from the calculation below, the general form of 
the covariant current in two and four dimensions (of course, at leading order in the derivative 
expansion) is 

J v,c,d=2 = A(m 1 ,m 2 )m', 

J v,c,d=4 = A ( m i> m 2, m 3 , m 4 )m' 3 + A(m 1: m 2 , m 3 ,)Fm' + A'(m Xl m 2 , m 3 )m'F (36) 

where m' denotes the 1-form Dm. The subindex c in the currents recalls that this is the 
covariant current. The various symbols A denote different known functions. We will often 
use the shorthand notation A\ 2 to denote A(mi, m 2 ), Ai 23 to denote A(mi, m 2 , m 3 ), etc. In 
addition, A X2 will denote A(—mi, m 2 ), etc. 

As we have just mentioned, the formulas in eq. (|36| ) follow from the explicit calculation, 



nevertheless, by now it is probably already obvious that they are just the most general 
possible form for the currents at leading order consistent with Lorentz and chiral gauge 
invariance. Let us see which properties are to be expected for the functions A in J~ c . 
Because there is no scale anomaly in W _ [i>,m.], A should homogeneous functions of the 
appropriate degree. Next, there is the consistency condition that in each term of J~ c there 
should be as many L labels as R labels, thus m must appear an even number of times 

A\ 2 = —A\2 , ^123 — ~^123 j ^1 23 — — ^123 > ^1234 = ~^ 1234 , (37) 

(that is A(mi, m 2 ) = A(—mx, —m 2 ), etc). 

A further condition is implied by the fact that W - [t>, m] is purely imaginary. First note 
that the functions A are all purely real since there are no i's in the formulas nor can they be 
generated during the calculation, except through 75 when d = An + 2. The possible factor 
% is explicit through 77^ in the normalization of ( ) (cf. eq. (|3|)). On the other hand, the 
fact that all quantities involved behave in a well defined way under Hermitian conjugation 
allows to reformulate this conjugation in terms of an equivalent mirror transformation which 
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has the advantage of being purely algebraic (no complex conjugation is involved). Such a 
mirror transformation is defined by the following rules i) the elementary objects m, v (or 
5v) and D are mirror invariant, ii) the transformation is linear, and iii) the order of the 
factors is transposed (regardless of whether they are functions or differential forms). The 
transformation of derived quantities follows from the previous rules, thus F — ► F, dm — > 
—dm, dv —>■ dv, D — > =)=D (depending on whether it acts commuting or anticommuting, 
respectively), m' — > —m', etc. For instance 

(mvm^v) — > (vm^vm) = —(mvm^v) , 

A(mi, m 2 )m' — > — A(m 2 , m\)m' . (38) 

The antihermiticity of VK~[i>, m] implies that this quantity is odd under the mirror trans- 
formation whereas J~ and J~ are even. Therefore the following conditions are found 

A\2 = —A21 , A 123 = — A321 , ^1234 = — ^4321 • (39) 

Thus the function A' l23 is not independent. 

Finally, there is an extremely important property satisfied by these functions which is 
finiteness in the coincidence limit. This refers to the following. The most general form of 
A12 allowed by consistency and mirror symmetry, is 

A 12 = mJiml, ml) - m 2 f(m 2 2 , m?) , (40) 

for certain function /. Inserting this general form in the expression of J~ v in eq. (j36D, and 
making explicit the chiral labels, yields 

Ulv)R = f( m Rli m L)( mm ')i? - f( m Rli m L)( m ' m )« • ( 41 ) 

As noted before, in order to numerically evaluate this expression, a natural procedure is 
to use a basis of eigenvectors of m 2 In this way, (mm')n and (m'm)n are replaced by 
matrix elements whereas the m 2 are replaced by eigenvalues. In particular, in the diagonal 
matrix elements, m\ and m\ take the same value (note that vtilr^rl and mRLrriLR are 
related by a similarity transformation and thus they have the same eigenvalues). Finiteness 
of the current requires that / must be finite as its two arguments coincide. (Because the 
terms with mm' and m'm have different chiral labels no cancellation can take place among 
them in general.) In summary, the functions A% 2 , ^123, etc, must be regular as two or 
more arguments coincide up to a sign. This is automatically satisfied by the true functional 
describing the current, as no physical singularity exists in the coincidence limit (cf. eqs. 
(B8|) and ( |S9D below) however, the formalism allows to write functionals which violate this 
condition. Such functionals are only formal and are meaningless or at least ambiguous. On 
the other hand, physical singularities can occur as m —>■ and they will reflected in the 
effective action and currents. 

After this discussion, let us quote the result coming from the explicit calculation in two 
dimension 

A 12 = + log(m 2 / m 2 ) . (42) 

m x -m 2 [m x - m 2 )[m\ - m|) 
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The corresponding four- dimensional formulas are collected in Appendix |B[ It can be checked 
that the full functions have all the expected properties and in particular they preserve scale 
invariance and are regular in the coincidence limits. At this point, it is perhaps worth 
noticing another essential property of these functions, namely, they are unambiguous. The 
analogous functions for the effective action are not unique due to integration by parts and 
the trace cyclic property. This not the case for the current; these functions are the unique 
result of the calculation. The formulas can only be simplified by considering particular cases, 
i.e., particular flavor groups. 

Analyzing the form of the functions A we have found it convenient to introduce the 
auxiliary functions A: 

An — A12 , A123 = A123 , ^4l234 = A 1234 , (43) 

(i.e. A(nrii, 1x12) = A(mi, — /712), etc). For these functions, consistency and mirror symmetry 
translates into 

A\2 = —A12 , A 12 3 = —^123 j ^1234 = ~^ 1234 , A 12 = A 2 \ , ^1234 = ^4321 • (44) 

As we will see later, further conditions are implied by the fact that the underlying theory is 
Lorentz and chiral covariant. In particular, this implies 

^123 = ^132 • (45) 

Remarkably, the true functions A, i.e. those resulting from the calculation, in four dimen- 
sions turn out to have a larger symmetry, namely, they are completely symmetric functions 
of their arguments: 

A\2 = A 2 l , A123 = A 2 13 = A 2 3l , ^1234 = ^2134 = ^2341 • (46) 

(The complete symmetry also holds in two dimensions but it this case this follows from 
previous symmetries.) It is not clear why, in the four dimensional case, the symmetry is larger 
than expected. This symmetry does not follows from Lorentz invariance and (anomalous) 
chiral symmetry since it is possible to write Lorentz invariant functionals with the correct 
chiral anomaly but with associated variations which are not symmetric functions under 
permutation of their arguments (see eq. fl90|) below). It seems to be a property of the true 
current only. The same symmetry is also found for the effective density in two and four 
dimensions (see Section |V~B| ) . 



B. Explicit computation of the covariant current 

Let us consider a first order variation of the effective action. This is formally given by 

SW[v,m\ = -Tr (^ 5D ) • (47) 

The variation of the Dirac operator is 

5B = P R Sm LR P R + P R S^ L P L + P L S i, R P R + P L Sm RL P L . (48) 
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On the other hand, the inverse Dirac operator can be written as[] 



D 1 = P R {m LR - tf L m R \ I? R ) l P R + Pr{I} r -rriRL ty^ m LR ) 

+P L (I? L -m LR I} R l ttirl^Pr + P L {m RL - I} R ^ l Y X Pl ■ 



(51) 



Therefore the variation of the effective action is 



m] = — Tr 



PR(m LR - tf L m RL I} R ) l 5m LR + P R (tf R -m RL I) L l m LR ) l 6 f R 



-P L {m RL - tf R m LR tf L ) 1 Sm RL + Pdp L -m LR Lj) R m RL ) l 5 j L 



(52) 



This variation can be separated into its pseudo-parity even (without 75) and odd (with 75) 
components. Then, Conventions 1 and 2 can directly be applied and this yields 



5W + [v,m] = -Tr [(m- t? m' 1 tyy^m+P -m _1 m^S f] , 
SW~[v,m] = -Tr [75 ((m- Q atT 1 #) _1 5m + (Q -m ty' 1 m^d f)] . 

Once our conventions are used, the variations can be rewritten in the simpler form 

1 



(53) 



5W + [v,m] = -Tr 
<W~[u, m] = — Tr 



1 

75 



Q +m 



(5f+Sm 
(5f+5m) 



(54) 



(Actually, what enters is 

i (P +m)- 1 {5f+5m) + {Q -m)-\6 j -6m)) , 

but the even component under m — > — m is automatically selected by the Dirac trace.' 
The variation of the pseudo-parity even component is just 



SW + [v,m] = -<5Trlog[$ +m] . 



(55) 



6 This follows from writing the Dirac operator as 

V=( m n LR * L ), (49) 
V Qr rn RL J 

(where actually the 7^ stand for submatrices of half dimension after restriction to the LR of RL 
sectors) and then using the matrix identity 

(A By 1 _ ((A-BD-iC)- 1 (C-DB-^A)-^ 

\C Dj " \(B -AC^D)- 1 (D-CA^B)- 1 ) ' { ' 

where A, B, C, D are square submatrices. This formula can be rewritten in a way that holds too 
when A and D have different dimension and thus B and C are not square matrices. 
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Therefore, within our notation, VF + [?;,m] is completely identical to a purely vector-like 
theory (i.e., one with vr = vl and m LR = m RL ), a fact already exploited in |IJ. 

The pseudo-parity odd case is different. 5VK _ [u,m] cannot be expressed as the variation 
of a functional of the form Tr [75/(01, D)], since that would not allow for the chiral anomaly. 
Technically the difference with the pseudo-parity even case comes from the cyclic property 
which is affected by the presence of 75 as well as by the different behavior of m, cf. eq. (|J). 
Thus there is an obstruction to integrate the variation preserving all symmetries P~5| , |TT . 
No such problem arises if one wants to compute just the current or the density: because 
one particular operator is distinguished, namely 5v or 5 m, the cyclic property is no longer 
required and the anomalous behavior of m under the cyclic property does not enter. 



Comparing with its definition in eq. (p4|), the current can be formally read off from 



5W [v, m] = d d xtr 



Q +m 



x) 



{5m = 0) 



(56) 



where the trace includes flavor and Dirac spaces. This is formal because the matrix element 
in the right-hand side is ultraviolet divergent and needs to be given a meaning through some 
renormalization procedure. Noting that the cyclic property does not enter and in addition no 
75 appears in (/J? +m) _1 , it follows that the symbols D and m behave algebraically as those 
of an effective vector-like theory. This allows to use a regularization prescription preserving 
the corresponding vector gauge invariance. Such effective vector gauge invariance amounts 
to chiral covariance for the operator {Q +m) _1 and therefore this procedure will yield the 
chiral covariant effective current. 

In the particular case of two spacetime dimensions, there is a shortcut. The two dimen- 
sional identity 757^ = — ^e^T*. allows to relate 5W _ [v,m] with a variation of m), 
namely 



5W [v,m] 



d 2 xtr 



5W^ 



(57) 



Use of the result in 



W+[v,m] = - 



directly produces 



47T 



d xtr 



m 1 m 2 



\og{m 2 /m 2 2 



- 1 



mi 



(mi - m 2 y 



(58) 



m 1 - m 2 



m 1 m 2 



\og{m 2 /m 2 



1} Dm. 



(59) 



where the labels 1 and 2 refer to before and after Dm respectively. From this formula, one 
can immediately read off the function A% 2 introduced in eq. ([3£]), and this gives the result 
quoted in eq. ([42"D. In the two dimensional case, there is yet another method which yields 
the effective action directly from the anomaly. This method is explained in Section |V D| . 

In order to compute J~ c beyond two dimensions we will use the convenient method 
introduced by Pletnev and Banin |16| . The method can be briefly summarized as follows: 
Let f{m,D) be an operator constructed out of m and D M . In the usual symbols method (see 
e.g. 0) 
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(x\f(m,D)\x) = J ^- d (x\f(m,D + p)\0), (60) 

where |0) is the state with zero wavenumber, i.e. (x\0) = 1, and the momentum p^ is 
just a c-number.[] The matrix element (x\f(m, D)\x) is manifestly gauge covariant, however 
(x\f(m, D + p)\0) is not, because of |0). Gauge invariance is recovered only after momentum 
integration. This nuisance is avoided by Pletnev and Banin by considering 

(x\f(m, D)\x} = J ^( x \exp(-d p D)f(m,D + p)exp(d p D)\0) , 
d d p 



(2tt) c 



(x\f(m,D)\0), (61) 



The first equality follows because the momentum derivative = d/dp^ in the last exp(<9 p D) 
factor has no effect since there are no p^ dependence at its right. Similarly the first factor 
exp(— d p D) changes nothing, by integration by parts in the momentum integration. The sec- 
ond equality uses that exp(— d p D)X exp(d p D) defines a similarity transformation.^ Explicit 
computation gives 



m = m - D„mflP + ^D.md^ - ^b a b u D,m 8%%% + ■ • • , 

b, = v, - ~f„„ at + |d q f^ didi - ^b p b a F vll + ■■■. (62) 

As usual D^X stands for [D P ,X], the chiral covariant derivative of X. The operator 
denotes the derivative with respect to the p M dependence. It acts derivating everything to 
its right (or to its left, by parts). The point of doing this is that the operators (derivative 
with respect to x^) appear only through and so i) gauge covariance is manifest and ii) 
the integrand is just a function of x (rather than a pseudo-differential operator as f(m, D)). 
This last fact allows to write 

(x\f(m,D)\x) = j J0pf(m,D), (63) 

where f(m, D) is a matrix valued function of x. 

In our case an application of this method amounts to replacing eq. ([56]) by 



7 Our notation will be as follows: p^ is purely imaginary, however, f d d p denotes the standard 
integration on M. d and p 2 denotes —p^p^- 

8 Actually the full similarity transformations is 

X — » X = exp(-dpD) exp(—xp)X exp(xp) exp(d p D) . 

The inner transformation produces m — > m and — » + p„, and is the one used to arrive to 
the symbols method formula. 
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Note that tr refers to Dirac and flavor spaces here. 
The calculation proceeds as follows. The formula 



is expanded in the number of 



covariant derivatives, or equivalently in the number of Lorentz indices carried by D M and 
At leading order the term with d — 1 spatial indices is selected. The derivatives with 



respect to p^ are carried out. The Dirac trace is taken. This produces a Levi-Civita pseudo- 
tensor and differential geometry notation can be used. Note that terms with two or more 

in m and D M cancel since the corresponding indices are symmetrized. Next, the m are 
indexed according to Convention 3 thereby becoming c-numbers. This allows to carry out 
the momentum integrations straightforwardly; the integration formulas of []J apply. 

A technical detail is that, computationally, the Dirac algebra is slightly alleviated by 
rewriting eq. (|56f) as 



5W [v, m] 



d d xti 



1 



■W-m)\x) 



d d xti 



-D 2 



m 2 - Qm- \a^F^ u 



W-m)\x) 



(65) 



The formulas in eq. (^3) define a similarity transformation [IB| so the replacements m — > m 



and — > apply here too. 



Let us illustrate this procedure for the two-dimensional case. Applying the replacements 
m — > ifi and — > in the second eq. (|65|), and retaining terms with at most one covariant 
derivative, yields 



5W. 



d=2 



[v, m\ = — 



d 2 xd 2 p 
(2tt) 2 

d 2 xd 2 p 



tr 



tr 



7 5 5 j 



{1> ~ m ) 



A- Qm-{m, D^m}^ 

D.m}^) i# -m) 



(66) 



where we have defined A = p 2 + m 2 (not to be confused with the operator A introduced 
in eq. (0)). The formula is already ultraviolet convergent without further renormalization. 
This was to be expected since the chiral covariant current is unique and thus free from 
ultraviolet ambiguities. Using the formulas 



d p — 
M A 



2Pm 
A 2 



\LV 1 



P^Pu 



P 



(67) 



the expression becomes 



5W d=2 [v,m] 



-2?7 2 
2 V 2 



d 2 p 
d 2 p 



tr 



tr 



5v 



1 ,m 2 1 , 1 



A A 



A 



m 2 



P 



A X A 2 r A 2 A 2 



2 mi + m 2 \ ' 
• . n . — m Sv 



(68) 
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where we are already using a notation of differential forms, and m' = Dm. The trace no 
longer includes Dirac space. The integration over momenta can be done using the formulas 
in I] and the result in eq. (|59"D follows. 

The calculation in four dimensions is similar and yields 



SW d=A [v,m] 



4r] 4 



d 4 p 
m 3 



tr 



+ 



+ 



AiA 2 A 3 A 4 
mi 
A 1 A 2 A 3 " 

mi 
AiA 2 A 3 " 



" 2 
P 2 

p 2 
~2~ 



mi - m 3 
Af A2A3A4 
mi 



m 2 + m 3 



AiA2A 3 A 4 



m 3 + m 4 
A!A 2 A 3 A2 



AiA^A 



m 2 mi + m 3 



mi 



3 
m 2 



A X A 2 A 2 



mi 



3 
m 3 



AiA 2 A2 



Fm'tfi/ 
m'F5v 



m ri 8v 



(69) 



Integration over momentum yields the results quoted in eq. (|B2|). It can be noted that the 
integrands in eqs. fl68|) and ( |69|) are not unique, due to integration by parts in momentum 
space. On the other hand, their integral, the functions A, are unambiguous. 



IV. THE EFFECTIVE ACTION 

Following the strategy outline above, we should now consider the most (or, at least, a 
sufficiently) general effective action functional in the pseudo-parity odd sector and at leading 
order in the covariant derivative expansion, consistent with Lorentz and chiral symmetries. 
This will be done by writing the effective action as 

W~[v, m] = r g wzwb, m] + W~[v, m] . (70) 

The functional r g wzw[f, m], an extended gauged Wess-Zumino- Witten (gWZW) action, is 
chosen in order to reproduce the correct chiral anomaly. The extension refers to the fact that 
it goes beyond the chiral circle constraint. Once the anomaly is saturated, the remainder 
will be chiral invariant and can be adjusted in order to reproduce the known current. This 
chiral invariant remainder is denoted by W~[v,m]. 



A. The extended gauged Wess-Zumino- Witten action 



As is well-known (see Appendix the ordinary gauged WZW functional T lr [vl, Vr, U] 
reproduces the correct chiral anomaly (in the LR version). Two essential properties of 
this result are i) that it follows solely from assuming the transformation property U — > 
VL^UVLr, and no other algebraic properties on U(x), and ii) the infinitesimal chiral variation 
of Ti,^[vl,Vu, U] (i.e. the anomaly) depends on the gauge fields vl,r but not on U. In view 
of this, we can use instead of U in order to reproduce the anomaly. The antisymmetry 
under pseudo-parity conjugation can be reestablished using that this conjugation commutes 
with chiral transformations. Therefore, the following functional serves as extended gauged 
Wess-Zumino- Witten (gWZW) action 
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r gWZW [f , m] = ^T LR [v L , v R , m LR ] - ^T LR [v R , v L , m RL ] . (71) 

In this functional the two fields m^ R and mm, are not mixed. This is not a property of the 
full effective action, as it is already clear from the form of the effective current computed in 
the previous section. 

In order to write this functional using our conventions, let us consider the contribution 
of the (ungauged) WZW term in two dimensions (cf. eq. (|A13| ) setting v to zero) 



r W zw,d=2[m] = -- ( dm LR - dm RL ) . (72) 

6 \ \m LR J \m RL J J 

This can be rewritten as 

r W zw,d= 2 [m] = (~l R3 ) ■ ( 73 ) 

The meaning of the symbol ( ) was given in eq. (0). We have introduced the 1-form R = -^dm 
and Conventions 1 and 2 apply. Note that, consistently with m~ l m = 1, (iti~ 1 )lr ~ 
and (m _1 )iji = m7 B . More generally, in d dimensions 



RL 



TwzwN = ^-^r^ +1 ) • (74) 

As usual, in Twzw^] the integration takes place on a d + 1-dimensional disk with the d- 
dimensional space-time as boundary. It is essential that the integrand is a closed form, so 
that the result does not depend on topologically small deformations of the d + 1-dimensional 
disk. This property follows from dR = —R 2 and the cyclic property. On the other hand 
the normalization is such that Twzw[^] changes by integer multiples of 2iri under large 
deformations of the disk; this holds when m is on the chiral circle and the difference between 
tr(R d+1 ) on and off the chiral circle is an exact form. (We are assuming throughout that 
the fields rriL R (x) and m R i{x) are nowhere singular, so any configuration can be deformed 
to one on the chiral circle.) 

The full gauged functional in zero, two and four dimensions, takes the form 

r g wzw,d=ob, m] = (-R c -2v) 

= (-R) , 

/ 1 2 
r gW zw,d=2b,m] = (--R 3 c + (R c + L c )F + 2vF--v 3 

i/? 3 -(R+L)v - mvm^v^ , (75) 

r gW zw,d=4b, m] = (-~R B e + {R 3 C + L 3 C )F- 2{R C + L C )F 2 - R c Fm~ l Fm - L c FmFrvT l 

-4vF 2 + 2v 3 F --v 5 

5 

_I/?5 _ (/?3 + L 3 )v + -(Rv) 2 + -(Lv) 2 + R 2 vm- 1 vm + L^vmvm- 1 
5 2 2 
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+Rm 1 v mdv + Lmv m 1 dv + (/? + L)v 3 + Rvm 1 vmv + Lvmvm 1 v 
+(R + L + m~ 1 vm + mi/m _1 ){i/, dv} + mvm^v 3 + m^vmv 3 
1 



+ -{mvm 1 v) 2 
2 



The functional r gWZW [t>,m] corresponds to the LR version of the action (as opposed to the 
VA version). In these formulas we have introduced the following 1-forms 

R = m~ x dm = —drrT x m , 

L = mdvrT 1 = —dmvrT 1 = —mRm~ l , (76) 
R c = m^bm — R + m~ 1 vm — v = m^m' , 

L c = mDm^ 1 = —bmm^ 1 = L + mvm^ 1 — v = —mR c m~ l = —vrlrvT 1 . 

R c and L c are covariant under chiral gauge transformations. 

The functional r g wzw[f, m] has been written in two different forms in eq. ([751). In the 
first version all terms in the integrand are d+ 1-forms. This version shows explicitly that the 
pieces which break chiral symmetry can be written as an m-independent polynomial (in fact, 
this polynomial is just the correctly normalized Chern-Simons term in d+1 dimensions) this 
guarantees that the corresponding chiral anomaly will be also an m-independent polynomial. 
Technically, such a piece looks like an ordinary counterterm which could be removed from 
the effective action, leaving a chiral invariant action. Of course, this procedure would be 
incorrect, since this piece, as well as the remainder, are not separately closed forms. Note 
that the d+1 component of v does not really appear in the functional (first version) since it 
cancels identically (this is easily seen in the O-dimensional case). In the second version, all 
contributions in the integrand, excepting the WZW term, are (i-forms. In this version the 
chiral symmetry is less obvious, but it is closer to an ordinary ci-dimensional Lagrangian. 

Under the mirror transformation introduced in the previous section, the terms which are 
d-forms are odd, whereas those written as d+ 1-forms are even. Using R — > L, R c — > L c , etc, 
one has, for instance, 

(RcFm^Fm) -> (mFm^FQ = (UmFm^F) = -(mR^m^F) = +(R c F m - 1 Fm) . (77) 

To finish this section, let us comment on the possibility of writing the functional T g ^zw[ v : m ] 
as a <i-form. This has already been done for the gauged terms. The question is whether the 



WZW term r-wzw[ m ], eq. (|74|) , can also be written as a <i-form in terms of m. In Section [II B 
this was done for T WZ w[^]- The same formula does not directly apply because m behaves 
differently under the cyclic property, namely, it is odd, whereas U is even. Indeed, if we try 
to use the same method, we can see that it fails since any deformation of m into some m(t) 
with m(0) = 1 is in conflict with the condition that the expressions must be even functions 
of m, for consistency. A possibility is to go back to eq. ( J7ip (with v — 0) and observe that 
rwzw^Li?] and IVzw^-Rl] are invariant under the replacements m^R — > M^ R niLR and 
rriRL — > MftlniRL, where and Mm are space-time constants. Defining the new symbol 
M by (M)lr = M LR and (M) RL = M RL , the WZW term can be written as 

r wzw [m] = r wzw [£7] , U=M- 1 m. (78) 

m and M are odd under the cyclic property, whereas M~ 1 m is even, therefore the formulas 
derived in Section [II B| apply directly. 
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B. The chiral invariant remainder 



Using integration by parts, the most general functionals consistent with chiral invariance 
and Lorentz invariance (and at leading order in the derivative expansion) are of the formQ 

W- d=2 [v,m] = (iV( mi , m2 )(D m ) 2 ) := {N l2 m' 2 ) , 

W~d=Av, m) = (N 12U m' 4 + N 123 m' 2 F) . (79) 

A comment is in order here. We have already argued above that the current uniquely 
determines the effective action. Therefore, it is not strictly necessary to deal with the most 
general class of chiral invariant functionals. Any class of functionals can be used, provided 
that it happens to contain the correct m]. The reason why the form in eq. (|79|) is 

sufficiently general is not entirely straightforward, since one could imagine terms of the form 
(NiF) in two dimensions, or (Ni 2 F ) in four dimensions. In Section |V F| we show that those 
terms are in fact redundant. On the other hand, far more general chiral covariant terms can 
be devised. In eq. (|79|) we have imposed that the functional must be an analytical function 



of m and D. More general functionals exists if this condition is lifted. However the analytical 
form is sufficient for the effective action functional. Note that the analytical form comes out 
automatically for the effective current, as a result of the calculation. These more general 



chiral covariant functionals are discussed in Section [VF . 

Let us discuss which restrictions exist on the functions A" in W^ft^m]. The cyclic 
property implies 

N 12 = N 21 , N 12U = N 2Ul . (80) 

(That is N(mi, m 2 ) = N(m 2 , —mi), etc.) This already implies "consistency" (i.e., the func- 
tions A^ should be even under m — > —m) as a byproduct 

N 12 = N l2 , N l23 ± = N im , N 123 = N m . (81) 

Mirror symmetry requires 

N 12 = -N 21 , AW = -Ar 4321 , N 123 = -N 321 . (82) 

Note the different nature of the constraints implied by the cyclic property and mirror 
symmetry. Mirror symmetry is a property of our particular functional m], and it 

is perfectly possible to write non-null terms violating this symmetry. On the other hand, 
the cyclic symmetry is automatic; any function N 12 can be decomposed under the group 
generated by 12 — ► 21, and only that component satisfying A?" 12 = N 2 i can have a non- 
vanishing contribution to the functional. Thus eq. (|80| ) expresses our choice of working with 
this relevant component only. 



9 W c ~[f,m] vanishes in dimensions. An easy calculation shows that (choosing 770 = 1) W[u,m] = 
— \og(mLn) and thus Tgwzw[ v > m ] is the full result in this case. In addition, the most general form 
of W~ would be (/(m 2 )), but / has to be a constant due to scale invariance, and hence it vanishes 
in the pseudo-parity odd sector. 
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Dimensional counting implies that N12 and iV"i23 have dimensions of [m~ 2 ], and N\ 2 zi of 
[m -4 ]. In addition, the functions N must be regular as two or more arguments coincide up 
to a sign. 

It is important to note that the functions N in four dimensions are not unambiguously 
determined by the functional itself, due to integration by parts. This follows from the 
identity 

= ~(d (#i23m' 3 )) = l~{AH) nu m' 4 + (m x + m 3 )H 123 m' 2 F^ . (83) 

The operator A was defined in eq. (|1|) and the identity D m = [F, m] has been used. In 
addition the cyclic property has been assumed on -#123- For subsequent reference we give 
the cyclic property and mirror symmetry conditions on H123 

-#123 = —-#123 = —-#231 = —-#321 • (84) 

The identity in eq. ( pUD implies that there is an ambiguity in the definition of ./V123 since it 
can always be augmented by (mi + m 3 )Hi2 3 with arbitrary .#123 subjected to the conditions 
just quoted, and similarly for ^1234. (Note that (Aif)i234 does not directly have the cyclic 
property assumed for ^1234, it has to be symmetrized.) 



C. Results 

First, we will need to compute the contribution of r gWZW [t>,m] to the effective current. 
In two dimensions, a first order variation with respect to v yields 

ST gWZW4=2 [v,m] = ({-R c - L c -2v)6v), (5m = 0) . (85) 

From here, two contributions to the consistent current are identified which correspond to 
the covariant contribution and the counterterm in eq. fl35|), 

J™J =2 = -R C -L C1 P d=2 (v) = -2v. (86) 

Similarly, in four dimensions 

J™ 4 = -R 3 C -Ll + 2{R C + L c , F} - m{R c , F} m - 1 - m - l {L c , F}m , 
P d=i (v) = A{v,F}-2v 3 . (87) 

(The same polynomials P(v) would be obtained with any choice of Tgwzw[v, m], since they 
are completely fixed by the chiral anomaly.) 

The contribution of m] to the current is of course purely covariant and it can be 

read off from 

s W~ d=2 [v,m] = (-2(77?! + m 2 )N 12 m'8v) , 

5W-±Jv,m] = (( - (Aiy) 123 4 - 4(mi + m^N^m'Hv + 

+((/77i - m2)iVi23 - (mi + m 3 )N 23 i)Fm'5v 

+ ((m 2 - m 3 )^ 3 2i + (mi + m^^^m' F5v^ . (88) 
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In derivating these formulas, the cyclic property has explicitly been assumed for the functions 
N 12 and A1234. The operator A was defined in eq. (|19|): 

( A l\T\ A134 — A234 N124 — N134 A123 — A124 /on x 
[L\l\ J 1234 — 1 • (oyj 

mi — m 2 m 2 — m 3 m 3 — m± 



Collecting the different contributions to the covariant current in eqs. Q8BD, fl87|) and 
and comparing with the definition of the functions A in eq. (^), the following relations are 
derived 

A 12 = — — + — - 2(mi + m 2 )Ai 2 , 
mi m 2 

A 123 = 1 ^— + (mi - m 2 )iVi23 - (mi + m 3 )A 2 3i , 

mi m 2 m 3 m 2 m 3 

A1234 = + (AAr)^ - 4(mi + m 4 )iVi234 • (90) 

mim 2 m 3 m 2 m 3 m4 

The terms containing A are those coming from W~[i>, m], whereas the explicit terms are 
those coming from r g wzw[^; m }- 111 these relations the A's are the unknown. It is important 
to note that these relations have to be augmented with the cyclicity constraints, eq. (jS0"D , 
since they have explicitly been used in their derivation. 

Let us consider the two dimensional case. For A i2 one obtains 

N12 = Uu + — -—) (91) 

2 mi + m 2 \ mi m 2 J 

= _^nogK/£|) in + 1\\ (92) 

m(-m 2 2 \ m(-m 2 2 2 \m( m 2 2 J J 

It is worth noticing that the correct cyclic property for Ni 2 , namely, iVi2 = N21, is verified, 
but this is not an automatic consequence of eq. fl9~ip. This poses a severe restriction on the 
a priori admissible functions A12, if they should derive from an effective action with the 
correct Lorentz and chiral symmetries. In addition the function Ni 2 is finite, i.e. regular 
at m\ = m\. Again this property does not follow automatically from finiteness of Ai 2 . On 
the other hand, scale and mirror symmetries are automatic in iVi2 from the corresponding 
symmetries in A12. 

Another comment is that in the first eq. (GO) (similar remarks apply to the four-dimensional 
formulas) the WZW contribution to Ai 2 cannot be reabsorbed into the contribution coming 
from m] by means of a suitable redefinition of the function Aq 2 . If this were the case, 

we would have that the covariant current, A 12 , is also consistent (it would derive from a 
certain W~[u, m]). Technically the reason is that such a function Ni 2 would violate the 
cyclic property constraint. (In addition it would not be finite at m 2 = —mi.) Thus in 
this formalism the non-integrability of the covariant current, which necessarily implies the 
existence of a chiral anomaly, translates into a breakdown of the cyclic property. 

In summary, the function in eq. ( p2|) inserted in W~[t>,m] in eq. (|79|) plus the 
extended gauged WZW term in eq. (f75[) provides the full functional for the leading order of 
the pseudo-parity odd component of the effective action in two dimensions. 

Let us now turn to the four dimensional case. Unfortunately, this case is more involved, 
mainly because of the presence of ambiguities in the functions A introduced by integration 
by parts. These ambiguities do not affect the functional W^rff,??!] itself. 
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Mirror symmetry of A?i 2 3 automatically implies Ai2 3 = A132, which can thus be under- 
stood as a consequence of mirror plus Lorentz symmetries (chiral symmetry is not required). 
The full permutation symmetry of A i23 and Ai 234 would not follow if iV 12 3 = iV" 12 34 = and 
so it cannot be understood in this way. 

Clearly iVi 2 34 is uniquely determined by the formulas once Auu and A?i 2 3 are known. 
However, A?i 2 3 is not unambiguously determined from A\2 3 . In turn this puts a restriction 
on the possible A123, namely, 

(m 2 - m 3 )v4 123 + (mi + m 3 )A 231 + (m 2 - m^A^ = 12 , (93) 

which is verified by the true function A 123 . This ambiguity was noted above, eq. (|S3D. It 
is verified that the modification introduced by ifi 23 exactly cancels in the right-hand side 
of eq. (0). This serves as a check of these formulas. This means that the functions iVi 23 
and iVi 23 4 are ambiguous but not the functional W~[u,ra] itself. This is consistent with 
the fact that the current completely fixes the effective action functional if the correct chiral 
transformation is assumed. 

A particular solution for the functional iV 123 is given by 

NL = l( Al23 + A - V 7 1 (n± + m 1 _m 1 _m 1 \ 

3\m 1 -m 2 m 2 -m 3 J (mi - m 2 )(m 2 - m 3 ) \m 2 m 1 m 3 m 2 J 

This is easily verified by substitution. The associated function N® 234 is immediately obtained 
from eq. (p0|). Besides the trivial mirror symmetry and scale invariances, it is verified that 
JV1234 possesses the correct cyclic symmetry. Again this is a highly non-trivial check of the 
functions Ai 23 and A1234. However, the functions N® 23 and N® 234 are not directly acceptable 
since they fail to be finite in the coincidence limit, namely, when mi = m 2 or m 2 = 073. 
This implies that another solution has to be chosen by taking an appropriate function Hi 23 . 
(Note that the previous checks are preserved by this operation.) 

To find an acceptable solution it is convenient to work with a reduced version of the 
function iVi 23 , namely 

^123 = (mi - m 2 )(m 2 - m 3 )iVi 23 . (95) 
Consistency and mirror symmetry of iVi 23 translate into 

iVi 23 =^123 = -A> 32 i . (96) 

On the other hand, the condition of finiteness of A^ i23 at m x = m 2 corresponds to 

A\i3 = 0. (97) 

Due to mirror symmetry this immediately implies A^i 22 = and thus finiteness of iVi 2 3 at 
m 2 = 013 too. This finiteness condition is violated by N® 23 - 

Likewise, for the function Hi 23 controlling the ambiguity we define its reduced version 

as 

^123 = (mi - "72) (m 2 - m 3 )(mi + m 3 )H 123 . (98) 
Consistency, cyclic property and mirror symmetry of Hi 23 in eq. fl84|) translate into 
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#123 = #123 = #231 = —#321 • (99) 

(This is equivalent to say that the function f/123 is completely antisymmetric under permu- 
tation of its arguments and even under m — > — m.) 

In terms of the reduced functions, the ambiguity corresponds to the fact that A123 and 
N123 — #123 produce the same current A 123 . In view of this, our strategy is to find an H 123 
such that #113 = Ni 13 , so that 

^123 = A? 23 - #123 (100) 

fulfills the finiteness condition, eq. (0). This can be done as follows. Although the function 
N® 23 does not vanish at m\ = rri2, it is finite and satisfies 

N°m = N° m , N° in = 0, N° n3 = -N° n3 . (101) 

The first relation is consistency. The second one comes from mirror symmetry and the 
last one follows from finiteness of Ai 23 (this is more simply verified from eq. (|90|)). These 
relations imply that the function 

1 ( m 3 So , m i So m ^ So m 3 So , m i So , m J So 



H " = 2 {-^ + - ^ - ^ + ^ + ^ J (102) 

satisfies the requirements in eq. (|99|). In addition 

^ 113 = 5 (-^" + ^3 - ^ " ^11 + ^jv£u + = < , (103) 

z \ mi m 3 mi m 3 / 

therefore the function N\ 23 defined as N® 23 — #123 automatically satisfies AT 113 = and 
thus it yields a finite ^123. Finiteness of the corresponding Ni 23 4 also follows automatically: 
because AT 12 3 and A1234 are finite, eq. ( |90D implies the ^1234 is also finite except perhaps at 
mi = — m 4 , however, this follows from the cyclic property, iVi 23 4 = N^ 123 and finiteness of 

^1123- 

Let us summarize the result. The acceptable ^123 is obtained as follows: from Ai 23 
(eq. ([gl)), one obtains N<? 23 (eq. O), then N° 23 (eq. fl95|)) and #123 (eq. flIQ%)). This 
gives A^i23 (eq. QTUOD ) and iVi 23 (eq. ©). Finally, iVi 23 4 follows from eq. (glj). The explicit 
resulting functions are displayed in Appendix ||. 

It can be noted that in addition to the redefinition from N® 23 to iVi 23 to achieve finiteness, 
further redefinitions, by suitable finite functions #123, can be made to simplify the final form 
of iVi2 3 and ^1234. In practice, we have not been able to achieve a greater simplification. 
Certainly the functions iVi 23 and iV"i 2 34 cannot be much simpler than the functions Ai 23 
and A1234, which are free from ambiguities, thus no simple form is to be expected for the 
functions N. 

As we have seen in subsection [II B| , the WZW term has a simple form when written as 



a d + 1-dimensional integral but looks complicated in terms of <i-forms. One can wonder 
whether this is also the case for W~[v,m]. Applying the operator D to its integrand, 
W^fi^m] can be written as a d + 1-form, however no simplification occurs. Again, a large 
simplification would have been in contradiction with the unambiguous form of the effective 
current. 
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V. FURTHER COMMENTS AND RESULTS 



A. The chiral circle constraint 

The previous calculations are completely general regarding the chiral group and the 
external field configurations since no assumption has been made on the algebraic properties 
in flavor space. Let us now discuss the form of the functional on the chiral circle. A field 
configuration (v, m) is on the chiral circle when rriL R (x) = MU(x) and m R j J {x) = MU~ l (x) 
where M is constant c-number. By unitarity U must be a unitary matrix, but in practice 
we will only use that U is nowhere singular. Due to dimensional counting M cannot appear 
in VK~[u,m] (since we are considering the leading term only and all dimensions are already 
accounted for by the derivatives and the gauge fields) thus we can take M = 1 and express 
the chiral circle constraint as vn,LR m RL = 1 or equivalently as m 2 = 1. 

As is well-known, on the chiral circle the leading term of m] is saturated by the 

gauged WZW action IYr^, U). This comes about because it is possible to chirally rotate 
the configuration by U to bring it to the form mm = m R L — 1 and so W - ^, m] is given by 
Tlr^, U] plus W^[u, m — 1] (see Appendix Thus the statement is equivalent to saying 
that the leading term of W^Ji^m] vanishes when m LR = uirl = 1. This follows because 
the possible vector gauge invariant terms constructed out of vl and v R of dimension d vanish 
identically. (Vector gauge invariance is the remaining chiral invariance compatible with the 
condition mm = turl = 1, and it must be preserved since all the anomaly is saturated by 
the gauged WZW term). 

The fact that, on the chiral circle at leading order in the derivative expansion, VK - ^, m] = 
Flr[v, U], is of course contained in our general formulas. Actually, a stronger statement can 
be deduced, namely, the leading order of W[t;,m] is saturated by IYr^, U] whenever 

m LR (x) = M(x)U{x) , m RL {x) = M(x)U~ 1 (x) (104) 

where M(x) is a c-number but not a necessarily constant. (Note that this class of configu- 
rations is closed under chiral transformations.) To show this, let us define the symbol M by 
(M) RR = (M) LL = M and U by (U) LR = U and (U) RL = U~\ (Note that U 2 = 1 and so 
U = U' 1 .) This allows to use the Convention 2: m = MU and m' = dMU + Mil' . 

Consider first the extended WZW term. Clearly, in r g wzw[^)^] all dependence on M 
without derivatives cancels, by simple dimensional counting. Likewise, all terms with two 
or more dM also cancel trivially since dM is a c-number and (dM) 2 = 0. Finally, the terms 
linear in dM can be shown to cancel too, by using (recall that U = U~ ) 

R C =R" + R M , L c = R u c -R Mi R u c =UU', R M =M- l dM. (105) 

For instance R 5 C = (R^) 5 + (R") 4 R M and L 5 C = (/?^) 5 - (/?^) 4 /? A f, thus R 5 C + L 5 C = 2{R u c f. 
Therefore, when m = MU 

Tgwzwb, m] = r L R[v, U] , (106) 

this is the same as the chiral circle result. 

Let us now show that W c - [u, m] vanishes identically. In fact this holds not only for the 
true functional W c _ [u, m] but also for any other finite functional with the correct symmetries. 
Therefore only general properties of the functions N are needed in the proof. 
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Consider first the term with N\ 2 . Due to scale invariance 

1 

M 

a 



N{m 1 ,m 2 ) = — S N(U 1 ,U 2 ). (107) 



Because U = I, the function N(Ui, U 2 ) is completely equivalent to one where each of the 
Ui t 2 is raised to the first power, at most: 

N(U 1 ,U 2 ) = a + bU 1 + cU 2 + dU 1 U 2 , (108) 

where a, b, c, d are some constants (these constants exist since A^ 12 is finite in the coincidence 
limit). However, consistency requires b = c = (iV 12 is an even function of m). Further, mir- 
ror symmetry requires a = d = too, and m] vanishes identically in two dimensions 
for configurations of the form m = Mil. 

In four dimensions, scale invariance, consistency and the cyclic property imply 



N(mi, m 2 , m 3 , m 4 ) = JL(a + b{U x U 2 + U 2 U 3 + U 3 U 4 - U 4 U{)) (109) 



for some constants a and b. However mirror symmetry requires a = b = 0. Thus there is no 
contribution from (A^ 1234 m' 4 ). 

The term (N^m 12 F) is slightly more complicated. In this case scale invariance, consis- 
tency and mirror symmetry imply 

N(m 1 ,m 2 ,m 3 ) = -^{U x - U 3 )U 2 . (110) 

The constant a needs not vanish (in fact, a = — | for the true functional). Nevertheless, a 
straightforward calculation using m' = dM U + M U' , UU' = —U'U and that M is a c-number, 
shows that this contribution vanishes as well. 

It is also worth point out that on the strict chiral circle, i.e. M constant, m] can 

be shown to vanish without assuming mirror symmetry. 

Another remark is that the previous statements also hold for any Abelian theory, i.e. 
when all matrices are c-numbers in flavor space. This is because in this case and uirl 
can certainly be written as in eq. ( |104| ) with M(x) a c-number, so the previous results apply. 



After all these null results, one could wonder whether the chiral invariant remainder 
is not actually identically zero, although this is not obvious due to the notation. We have 
explicitly verified that this is not the case using a two-flavor model in two dimensions without 
accidental symmetries. 



B. The effective density 

In this subsection we give explicit formulas for the effective density J~ introduced in 
eq. ( p£3| ) as the variation of the effective action with respect to m. The general form of the 
densities is 

-d,d=2 = Bi^m' 2 + B l2 F , 

J~ 4=4 = £i 2 34 5 m' 4 + Buum'Fm' + B[ 2U m ,2 F + B'l 2U Fm' 2 + B[ 23 F 2 . (Ill) 
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For consistency, the functions B are all odd under m — > — m. In addition mirror symmetry 
implies 



B12 — B21 , -B123 — -B321 



-^123 — -^321 > -S1234 — -S4321 , B' 1234 — B'l 321 , -B12345 — -B54321 • (112) 
The effective density can be computed from scratch, by the same method used in Section 



[[[Bjfor the effective current. Within our approach, the direct calculation of the density is 
harder than for the current because they are of higher order ( J~ is a ci-form whereas J~ is 
ad— 1-form). A better procedure is to obtain the effective density as the variation of the 
effective action, which has already been computed. As noted the consistent effective density 
is also covariant. 

An explicit variation of r gWZW [v,m] and m] in two dimensions yields 

B 12 = -2(mi - m 2 )N 12 + — + — , 

mi m 2 

n fN 13 -N 23 N 12 -N 13 N 23 -N 12 \ 1 

-D123 = ^ 1 1 • U-I-Oj 

\ m 1 - m 2 m 2 - m 3 m 3 + m x J m 1 m 2 m 3 

The terms with N are those coming from W~ [v, m]; the other come from r g wzw[ u ; m ]- 
In four dimensions 

5 i23 = ~( m i ~ m 2 )iV3i2 - (m 2 - m 3 )N 231 - — — 



m 3 m 2 m 1 mim 3 ' 

n \ -\j N 312 — N A i 2 N 3 4i — N U2 N 3 42 — iV 312 

B l23A = 4(m 2 - m 3 )A^ 12 34 = =- H = = H =- — 

m 3 — m 4 m 4 — m 2 m 4 + rr\\ 

1 1 

+ 



m\ir\ 3 m A mim 2 m A 

n/ \ ~\t , ^413 — ^423 ^412 — ^413 . -^423 ~~ -^123 
^1234 = -4(m 3 - m 4 )N 1234 + — = = ^- + — — : 

mi — m 2 m 2 — m 3 m 4 + m 1 

11 

M + , 



m 1 m 2 /T74 m 1 m 2 AT) 3 

D .( ^1345 — ^2345 ^1245 — ^1345 . ^1235 — ^1245 ^1234 — ^1235 
#12345 = 4 1 

\ mi — m 2 m 2 — m 3 m 3 — m 4 m 4 — m 5 

, ^2345 ~~ -^1234 \ I 



m 5 + mi J m 1 m 2 m 3 m A m 5 



(114) 



There is an alternative way to obtain the density which is simpler and also serves as 
a check, namely by using the anomaly equation. This is eq. fl34|) when the variations are 
associated to an infinitesimal chiral rotation eq. (H) 

bj- + {J~,m} = A, (115) 

where A is the consistent chiral anomaly (defined so that 5W{^v, m] = (Ace) is the left- 
hand side of eq. (|AI|)). Note that J~ is the consistent current. The contribution of the 
counterterm current P(v) cancels the chiral symmetry breaking terms from the anomaly. 
This yields the following formulas for the density 
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B 12 = ■ (4 + (mi - m 2 )A 12 ) , 

m x + m 2 

-B123 = ; (A^l)i23 , 

mi + m 3 

5 i23 = ; ( 12 - ( m 2 - m 3 )Ai2 3 + (mi - "72)^321) , 

/T?i + A7) 3 

^ 1 /^134 — ^234 . ^321 — ^421 . / \A \ 

#1234 = : ( 1 h (ffl2 - m 3 )A 12 34) , 

/r?i + m 4 mi — m 2 m 3 — m 4 

^/ I / ^431 _ ^432 . ^421 ~ ^431 / \ A \ 

B i234 = ; ( + ( m 3 - m 4 )A 12 34) , 

mi + m 4 mi — m 2 m 2 — m 3 

^12345 = 7 (AA) 123 45 • (116) 

mi + m 5 



It can be verified that these expressions coincide with those in eqs. ( J113 ) and ( |114j ) and the 



possible ambiguities introduced by the functions iV are explicitly removed. 

As in the case of the effective current we can define a set of associated functions as follows 



Bi 2 — Bi 2 , 5i23 — -B123 



^123 — ^123 > -Bl234 — -Bl234 , -Bl234 — -^1234 5 -^12345 — -^12345 • (H^) 

(The rule is to flip the signs of the arguments at the right of each operator that is an odd-order 
differential form, in practice m' '.) Once again the functions B so defined turn out to have the 
property of being completely symmetric under permutation of their arguments, a property 
already noted for the functions A of the effective current. In two dimensions this property 
follows solely from the general symmetries of the function Ni 2 , however, in four dimensions 
this is not the case. Consistency and mirror symmetry follows automatically in all cases 
from the corresponding properties of iVi23 and iV"i 2 3 4 . Invariance of B[ 23 , -B1234, and -B^ 234 
under general permutations (other than mirror permutations) does not follow from general 
symmetries of A^ 123 and A^ 1234 as is already obvious by setting these two functions to zero in 
eq. (114). For -B 12 3 4 5, it can be shown that invariance under cyclic permutations follows from 



general symmetries of iVi23 and iVi23 4 but invariance under more general permutations does 
not. (Also the complete symmetry of the functions A combined with the formulas in eq. ( |116|) 
does not guarantee symmetry of the functions B.) Therefore, the complete symmetry of the 
functions B in four dimensions is a specific property of the true effective action functional. 
Since this property is so general (it holds for effective currents and effective densities and in 
all dimensions examined) it is likely that it follows from the very definition of these currents 
rather than being an accidental symmetry. 

C. Vector-like reduction 

Our conventions for the vector-axial (VA) notation are as follows 

D=$ v + 4 l5 + S + l5 P, (118) 
where DY = d u + V u is the vector covariant derivative and 
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v RiL = V±A, m LR = S + P , m RL = S -P. 



(119) 



Strictly speaking a purely vector- like case would mean v R = vl and m LR = m RL , or P = 
A = 0. For such configurations there is no pseudo-parity odd component of the effective 
action. Thus, presently, by vector-like case we will refer to the case of vanishing pseudo- 
scalar field, P = 0, but not necessarily vanishing axial field A. Of course, in this case it is 
preferable to work with the VA version of the effective action, which is related to the LR 
version by subtracting an appropriated m-independent counter-term (see Appendix |A|) 

Wy A [v, m] = W£- R [v, m] - P ct [v] . (120) 

The counter-term is such that W^[i;,ra] is vector gauge invariant and the anomaly affects 
only axial transformations. In this subsection we will denote iy _ [v,m] by W^^m] to 
emphasize that it is the LR version of the effective action. 

When P = 0, the most general form of the VA effective action (at leading order and in 
the pseudo-parity odd sector) is 

Wy A ^[v,m] = (MuS'A), (121) 
WW=>' m ] = (M 12Z F V S'A + M[ 23 S'F V A + M 12U S' 3 A + M[ 2U S'A 3 + M'( 23 A 2 F A ^ , 

where S' = [D v , S], F v — Dy and Fa = {-Dy, ^4} and the various M's are functions of S, i.e, 
M 12 = M(S\, S 2 ), etc. Note that the symbol S, unlike m, is even under cyclic permutations, 
thus in particular there is no consistency restrictions on the various functions M. Also there 
are no cyclicity restrictions. On the other hand, mirror symmetry is guaranteed provided 
that 

M 12 = -M 21 , M 123 = -M^ 21 , M 1234 = -M 4321 , M[ 2U = -M' 21AZ , M{' 23 = -M'^ x . 

(122) 

Not all these functions are unambiguously determined by the functional itself due to the 
following identity (the prime denotes derivative with respect to D v ) 

= l((G 123 A 3 )') = (G 123 A*F A + G ™Z^ S'A*) . (123) 

Here Gi 23 is any function subjected to the cyclic property restriction G i23 = G 23 i. If in addi- 
tion mirror symmetry is imposed, Gi 23 must be a completely antisymmetric function under 
permutation of its arguments. This identity introduces an integration by parts ambiguity in 
M[ 2U and Mf 23 . 

Since Wj^Ju, m] has been computed previously, eq. (|120|) can be used to obtain W^Jv, m]. 
The contribution from r gWZW [t>,m] when P = is easily obtained from eq. (|7T|). This 
contribution combined with that coming from the counterterm yields 
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WvA,wzw,d=2[ u >H = ( - [S 1 ,S']A / 

^va.wzw^M = (2Fv[S~\ S '] A + S~ l F v S'A - SFyS^S'S^A 

+2[S-\ S']F V A - S'FyS^A + S^S'S^FySA 
-{S- 1 S') 3 A + (S'S'^A 

+[S~ 1 , S']A 3 + S'S^ASAS^A - S^S'AS^ASA 
-SAS~ l AF A - S- l ASAF A + ASAS^Fa + AS~ X ASF A ) . (124) 



By construction all terms breaking vector gauge invariance have canceled. 

The contribution coming from W~ [v, m] is also easily computed. To illustrate the method 
we will work out explicitly the two-dimensional case. From consistency, the most general 
form of iVi2 is 

N12 = n' 12 + m 1 m 2 n 12 , (125) 

where n 12 and functions of mf and m\. (Mirror symmetry further requires n' 12 to 

vanish but this will not be enforced here.) Thus (expanding Convention 2 but keeping 
Convention 1) yields 



N l2 m' 2 ) = ((n[ 2 + m 1 m 2 n 12 )m' 2 } (126) 

\ n 'i2 m 'RL m LR + n 12 (mm') 2 R ^ . (127) 
Now we can take P = 0, i.e., rriLR — ^rl = S and use the formulas 

m' RL = S' + {S,A}, m' LR = S>-{S,A}. (128) 

(Note that the prime refers to D^l i n the left-hand side and to Dy in the right-hand side.) 
In addition, all arguments m become S. This gives 



Wy AiCid=2 [v, m] = {n' 12 (S' + {S, A})(S' - {S, A}) + m.S.S^S' - {S, A})(S' - {S, A}) 

- n' 12 S'{S, A} + n' l2 {S, A}S' - n^S^S'iS, A} - n^S^S, A}S' ' 

- N 12 S'{S, A} + N 12 {S, A}S' S 

-2N 12 S'{S,A}). (129) 



The second equality follows from Convention 1 which keeps only pseudo-parity odd terms. 
The last equality follows from the cyclic property of the trace. A useful observation is 
that, although the detailed expansion in eq. (|125|) is required in intermediate steps, the 
full function N\ 2 can be reconstructed, as in the third line above, by allowing appropriate 
changes in the signs of its arguments (e.g. Ar^).^ 



10 The empirical rule is to flip the signs of the arguments at the right of each A or F A . In addition 
there is a global minus sign for each A or F A occupying an even position. 
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In four dimensions, using 



F R = F V + A 2 + F A , F L = F V + A 2 - F A , (130) 

the result is 

Wy A ^ d= ,[v, m] = (iVi 23 {5, A}S'(F V + A 2 ) - N 123 _S'{S, A}(F V + A 2 ) + N 123 S' 2 F A 

-N m {S, A} 2 F A - 4iV 1234 5 ,3 {5, A} + AN im S'{S, A} 3 ) . (131) 

In this formula, the term S' 2 Fa has to be integrated by parts in order to conform to the 



standard form chosen in eq. ( 121 



The combination of the previous results from r g wzw[^, m ], W c [v,m] and P c t[v] gives 
M 12 = A 12 , 

^123 = ^123 > 
M1234 — ^1234 > 

M[ 2U = ^-^ + ^-^~(S 2 + S 3 )N 123 - (S 1 + S A )N, 12 

0\ 2 2 04. 0\0 3 

+A(S 1 + S 4 )(S 2 + S 3 )(S 3 + S 4 )N 1234 , 
M'[ 23 = -f - f + ^ + ^ - (Si + S 2 )(S 2 + S 3 )N 123 . (132) 

o 2 Oi o 3 o 2 



In these formulas the functions A\ 2} etc, are those of the effective current in eq. fl36|). 

The ambiguity in the functions iV 123 and A^ 1234 translates into an ambiguity in M{ 234 
and M{' 23 of the form Gi 23 = —Hi 23 - On the other hand, exploiting the ambiguity in these 
functions allows to write explicit expressions in terms of the A's as follows 

M , 1 (5_1 + S 4 )A U3 - (S 2 + S 4 )A 243 1 (Si + S 3 )A l43 ~ (S 2 + S 3 )A 243 

O Oi — u 2 o u\ — u 2 



-(Si + S A )(S 2 + S 3 )A 



1 23 4 ■ 



M'{ 23 = ~(Si + S 2 )A 312 - 1(5-3 + 5 3 )A 132 . (133) 



Note that these functions differ from those in eq. ( |132| ), although, of course, they produce 
the same functional. 

An alternative way to obtain the functions M is based in reproducing the correct axial 
current. This method yields eq. (|133|) more directly. The procedure is straightforward, so 
we do not give details, however, it is worth noticing that with our notation J~ denotes 
simultaneously the left and right currents and the vector and axial currents (all of them 
associated to the LR version of the effective action). The chiral currents are defined by 

■fo = C£)H, ^,l = Uv)l, (134) 
so that (consistently with Convention 1) 

8W^[v, m] = \(J- R 5v R - J~ L 5v L ) . (135) 
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On the other hand, the vector and axial currents are defined by 

SW^[v, m] = (JydV + JjSA) . (136) 

Thus 

Jv,A = \^RTJ- L ) = r v . (137) 

In the last equality we are using our conventions with the proviso that Jy and are 
pseudo-parity odd and even quantities, respectively. (Of course the usual vector and axial 
current are those associated to the VA version of the effective action, so it still remains to 
pick up the contribution from the counterterm P ct [?;].) 



D. The two-dimensional pseudo-parity odd effective action from the anomaly 



In this subsection we will point out a general property of the effective action in the 
pseudo-parity odd sector, which holds to all orders and for any gauge group and any space- 
time dimension greater than zero, and will show that this property is sufficient to completely 
fix iy~[f , m] at leading order in two dimensions from the chiral anomaly. 

The general property is that W - ^, m] vanishes identically when there are no gauge fields 
and one of the scalar fields, say mm, is a space-time constant, that is, 



W [v, m LR , m RL ] = , when v = 0, dm RL = . 



(138) 



To proof this statement, let us consider the variation of W [v,m] within this class of con- 
figurations when only is varied. Use of eq. fl52|) yields 



5W [v,m\ 



-Tr 



2 



75" 



-1 



-8m 



LR 



m LR - (J) m RL 

75 rr^ Sm LR 

. m LR - m RL d 2 



0. 



(139) 



The second equality holds due to dmm — 0. The last equality follows from tr7 5 = 
(except at d = 0, and indeed the property does not hold in this case). Therefore the 
value of PU'ff = 0,mL R ,mm = constant] does not depend on m^ R . This value is zero 
as follows from choosing m^ R = mm, since in this case the configuration is unchanged 
under pseudo-parity conjugation and the pseudo-parity odd component vanishes. Note that 
this property is specific of the effective action functional and does not derive from general 
symmetry properties of this functional. From eq. ([70]), it follows that within this class of 
configurations 



W c [v, m] = -r gWZW [t;, m] , (v = 0, dm RL = 0) . 



(140) 



All higher orders in the derivative expansion must vanish separately, whereas the leading 
term of Wf^m] must cancel the extended gauged WZW term. 
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Next we will use this property to determine the chiral covariant remainder in two dimen- 
sions. To do this let us compute the two sides of eq. (|140|) when v = 0, m RL = 1 (or any 
constant c-number) and mm = \x (this is just a change of name). Using (m~ 1 dm)ji = fi~ l dfi, 
and (m~ l dm) L = 0, one finds 

r gW zw[u, to] = ^T LR [v = 0, U = fj] = i /-^(/i -1 d/i) 3 \ = ~ </i W zw(/ii, Li 2 )dfi 2 ) , (141) 

where the function /iwzw(^i, £2) was introduced in eq. (f2~6l). 

On the other hand, using only symmetry arguments (including analyticity of the effective 
action functional) the leading term of to] in two dimensions must have the form given 

in eq. ( [75| ) with 

N(m 1 ,m 2 ) = m 1 m 2 n{m 2 l ,ml) , (142) 

for some antisymmetric function n(z\,z 2 ) to be determined. For the class of configurations 
selected above, and using that in this case to| = m\ = fi, (mdm) R = d/x, (mdm) L = 0, one 
finds 

W-[v,m] = ^(n( L i 1 ,Li2)dLi 2 ) . (143) 

Comparing both calculations, it follows that n(zi,z 2 ) = — /iwzw^i, z 2 ) and thus 

N(m\, m 2 ) = -mim 2 /i W zw(mi, mj) , (144) 

which is indeed verified by the correct function Ni 2 given in eq. (^). 

The points to remark are i) since the WZW term is completely determined by integration 
of the chiral anomaly, the function ^wzw(^i? Zt i) a ls° follows from the anomaly, ii) although 
W~ is considered for a particular case, this is sufficient to determine the function 7V 12 because 
no special properties of \x (i.e. particular flavor groups) have been assumed. 

In four dimensions this method is insufficient to fix the effective action. The function 
iVi23 does not contribute since F = when we take v — 0. On the other hand, ^1234 can be 
decomposed as 

N 123i = rii234 + m 1 m 2 n' 12U + m 2 m 3 n' 2U1 + m 3 m 4 n' ul2 - m 1 m A n' 4123 

+m 1 m 3 n" 2U + m 2 m A n 2U1 + m 1 m 2 m 3 m 4 n"' 2U , (145) 

where the various n's are functions of m 2 . For configurations with v = and mm, = 1, 
only the last component n'l^u gives a contribution, hence all other components remain 
undetermined by this procedure. The component n'( 23A is fixed by imposing cancellation 
with the contribution coming from Tgwzwb; m ]- We have explicitly verified this with our 
formulas. In passing, we note another unexpected property, namely, the component 7^1234 
vanishes identically, although this is not required by the general symmetries of ./V1234. It 
seems to be a specific property of the effective action functional (this statement depends 
only of our choice of r gWZW [t>, m]). The other components do not vanish identically. 

To finish this subsection, let us note that the same observation and method described 
above can be adapted to the VA version of the effective action. The fact that W£^[v, to] 
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vanishes when v = and turl is a constant, eq. ( |138| ), implies (making a chiral rotation to 
the case P = and using the formulas in Appendix [A]) that 

Wy A [v,m\ = -T W2W (U), when v R , L = U^dU^ 2 , m LR = m RL = U . (146) 

This identity can then be used to determine the function M 12 in W^Jf, m] in two dimensions. 
A straightforward calculation yields 

M(z 1 , z 2 ) = — ■ &wzw(zi, z 2) ■ (147) 

Z\ + z 2 

This relation is verified by the correct function M 12 = A\ 2 . Combining this formula and 
that in eq. ( 144 ) yields 

N( mi ,m 2 ) = -?p^A(mlml), (148) 

which is a non-trivial relation between the covariant current, A 12 , and the covariant remain- 
der, N 12 . 



E. Further properties of the extended gauged WZW action 

The functional r gWZW [u, m] in eq. (|70D is required to reproduce the correct chiral anomaly 
but otherwise it is a matter of choice. A different choice would be compensated by a change 
in the chiral invariant remainder. Nevertheless, the concrete form proposed in eq. (|7T|) is 
the unique such functional enjoying two further properties, namely, i) it does not mix 
with mRL, and ii) it is invariant under the transformation m — ► m _1 (i.e. mm <-» rn^ L ). 
The second property is manifest in eq. ([75|) for the gauged terms. For the WZW term it 
holds too: 

(fid+i) ^ (/.rf+i) = ((-mRm- 1 )^ 1 ) = - (mR^m- 1 ) = (R d+1 ) . (149) 

That r g wzwb,' m ] is fully characterized by these two properties can be seen after a 
detailed analysis: any other such functional would differ by a chiral invariant contribution, 
of the same form as m] in eq. (|79|). The requirement of not mixing tulr and mm, 

only allows a{R c ) for the term with iV 1234 (e.g., a piece m 2 introduces a mixing, and similarly 
mm' or m' 2 ), and such a term vanishes identically. For the term with iV 123 , the most general 
form not mixing m^ R and m R L would be (aR 2 F + bL 2 c F) , however, mirror symmetry requires 
b = —a and this in conflict with invariance under m — > m^ 1 , which requires b = a. 

As noted, the property of not mixing m^ R and m R i does not extend to the full effective 
action. Let us discuss the property of invariance under m — > m _1 . First of all, note that 
it cannot be a symmetry of the effective action beyond the leading term in the derivative 
expansion, since it does not preserve the dimensional counting, so our next comments refer 
to this leading term only (for W~ or the term with precisely d derivatives for W + ). 

On the chiral circle, the transformation m — > m _1 is a trivial symmetry (since m 2 = 1). 
As we have just seen, it is also a symmetry of the functional r g wzw[w, m ] (on or off the chiral 
circle). Remarkably, it turns out to be an invariance of the leading term of m] in zero 
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and two dimensions. In the zero dimensional case this is obvious since W c - [u, m] vanishes. 
In two dimensions it is an accidental symmetry which follows as an automatic consequence 
of chiral and Lorentz invariance, plus scale invariance and mirror symmetry. Indeed, the 
most general form of N\ 2 consistent with scale invariance and mirror symmetry is 

N{m u m 2 ) = -J_/( mim ji), f{x) = -f^ 1 ) . (150) 
mi/ri2 

On the other hand, under the transformation m — > m -1 , m' — > — m^ 1 m' m^ 1 and so 

iV(m 1; m 2 ) -> —Nfa 1 , m 2 l ) = N{m u m 2 ) . (151) 

m 1 m 2 

The same invariance is also automatic in the term with two covariant derivatives in W + in 
two dimensions (although it fails in zero dimensions for W + ). In four dimensions such as a 
transformation is not a symmetry of the leading term of iy~[f , m], as can be seen using the 
explicit formula of Ni 23 in Appendix [B]or Ai 23 for the effective current. 



F. General form of the chiral invariant remainder 



In Section IV B we have noted that the forms taken in eq. (|79|) for W c [v, m] in two and 



four dimensions are actually the most general ones form those functionals. To show this, 
let us begin by considering a functional of the form (NiF) in two dimensions. Using the 
identity 

= {{hm')') = {{Af) 12 m> 2 + hm") = ((Af) 12 m' 2 + f,[F, m}) = ((Af) 12 m> 2 - 2mf 1 F) , 

(152) 

it follows that (NiF) can be reabsorbed in (Ni 2 m' 2 ) by taking fi = —^Ni. 

In four dimensions, using m" = [F, m] and F' = 0, the most general form is that given 
in eq. (ff9| ) augmented with terms of the form (N' 12 F 2 ). However, due to mirror symmetry 

N[ 2 = -N' 2l , N[ 2 = ( mi - m 2 )n'[ 2 , (153) 

that is, the function n" 2 = N[ 2 /(nrii — m 2 ) is finite (in the coincidence limit) if N[ 2 is finite. 
Then, 

(N[ 2 F 2 ) = (n'i 2 [m, F]F) = (-n" 2 m"F) = ((An) 123 m' 2 F + {-n'[ 2 m'F)') = ((An) 123 m' 2 F) . 

(154) 

Therefore a term (N[ 2 F 2 ) is also redundant. 

Let us now discuss the existence of more general chiral invariant functionals which do 
not have the analytical form in eq. ([T9|). Since the functional is chiral invariant it can be 
computed in a chirally rotated configuration. The point is that it is always possible to 
chirally rotate a configuration so that m RL = uilr = S, P = 0. In the chiral gauge P = 
the only remaining freedom is that of vector gauge transformations. Therefore, there are as 
many chiral invariant functionals of mm, mRL, vr and ^ as there are vector gauge invariant 
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functionals of S, V and A. These rotated VA fields depend on the original chiral fields in a 
non-analytical way. 

The most general VA functional has been considered in Section |V . eq. (|121 ). In four 



dimensions (and assuming mirror symmetry) it depends on four independent functions, M 12 3, 
^1234, M[ 2U and M" 23 . When the functional derives from an analytical form, these functions 
take the form given in eq. ([132 ). In particular M123, and M1234, coincide with the functions 



A123 and A1234 of the effective currents. (The gWZW contribution has to be removed from 
theses functions but this does not change the argument.) Since the current determines the 
effective action, it follows that M 12 3 and M 12 34 determine N 123 and N 12M , and so determine 
the other two functions M{ 234 and M{' 23 . This already implies that the analytical form is 
not the most general one, since one could imagine new functionals obtained by keeping the 
same M123 and M1234 but arbitrarily modifying M{ 234 and M" 23 . Such functionals would no 
be equivalent to an analytical one for any choice of Ni 23 and Ni 234: . 

Even in two dimensions, where the VA functional contains only one arbitrary function 
M12, the analytical functional (A 12 m' 2 ) is not the most general one. When the VA functional 
is analytical (in terms of the unrotated variables) 

Mi 2 = -2(5i + S 2 )N 12 . (155) 

(This is just eq. fl90|) removing the gWZW contribution. Ni 2 is evaluated at m\ 2 = Sj.,2-) 
The function Ni 2 is restricted by consistency, cyclic symmetry and finiteness (we do not 
enforce mirror symmetry here) and this implies 

M 12 = -Mi2, (S l -S 2 )M 12 = (S 1 + S 2 )M 2l , M li = 0. (156) 

If M12 is analytical in S, the first condition follows from dimensional counting (unless the 
VA functional breaks scale invariance or depends on new external fields), but the other two 
conditions are not required to have an acceptable VA functional {M\ 2 still has to be finite 
at S\ = S 2 ). For instance 

r[S,V,A] = /^S'A) (157) 

violates the conditions and so it cannot be written as {Ni 2 m' 2 ) for some suitable AT 12 . 

Another comment is the following. At the end of Section [II B| we noted that one could 
consider phenomenological contributions of the form (h(ui,u 2 )du 2 ) in two dimensions (and 
similar comments apply to four dimensions as well) which are consistent with vector gauge 
invariance but are not chiral invariant except when the true function hwzw(ui,u 2 ) is used. 
Chiral invariance in no longer a problem for functionals of the form (h(mi, m 2 )m' 2 ) (i.e. the 
same form of m] but with a different function). Such phenomenological terms, which 

are vanishing on the chiral circle, are topological in the sense that they do not contribute the 
strength-energy tensor and their corresponding baryonic current is conserved independently 
of the equations of motion. This is can be seen from eq. ( |115[ ): setting v — and taking the 
trace it says that the baryonic current is a closed form, and this result does not depend of 
the explicit form of W,r[u, m]. 
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G. Descent relations 



It is known that the VA version of pseudo-parity odd component of the effective action 
equals 2ni times the baryon number in two more dimensions (see for a proof 



in the framework of the (^-function regularized effective action). In this relation one of the 
extra dimensions, u, is regarded as the time and the other, v, is a new space direction. 
The relation holds provided that the dependence of the d + 2-dimensional configuration is 
w-independent and adiabatic in v, so that no more than one v-derivative is retained. In this 
case, and choosing r\ d = i d ^ 2 , the relation takes the form 



VA,o 



-27Tl(J YA y) d+2 , ( Vd = i d / 2 ) 



(158) 



The subscripted dimension in the right-hand side refers to the normalization of ( ), eq. (0). 
Jy AV denotes the vector current associated to Wy Ad+2 [v,m]. Under the conditions stated 
above, and due to gauge invariance, only the pseudo-parity odd component of the current 
has a contribution to the baryon number |L4|] . 

The previous relation can be rewritten as one for the LR version as follows 



W d [v,m] = -2m(J- c } d+2 - 2Wcs,*fiM 
where Wqs is the Chern-Simons action 



(159) 



W C s,d=i[v] = (v) d=0 



-v 3 -vF 

3 



(160) 



d=2 



The Chern-Simons terms are precisely those appearing in eq. (|7q) , and account for all the 
chiral symmetry breaking in W^v, m]. (The factor of 2 in Wcs accounts for a Chern-Simons 
term for the right field and another for the left field.) 

Let us detail the derivation of eq. ( |159j ) for d = 2 (assuming eq. (|158p ). The four- 
dimensional counterterm relating the VA and LR versions is given in eq. ( |A6|) . Its contribu- 
tion to the vector current is minus 



J, 



ct,d=4 



-2{F, v} + 2v 3 + 6d(v R v L ) 



161) 



This contribution is to be combined in eq. (|158|) with that of the counterterm current, 



relating the consistent and covariant currents, eq. (]87|). This yields 



2m (P- J ct ) 



d=4 



2W< 



CS,d=3 



ct,d=2 



(162) 



from which eq. (|159|) follows. 

A we have said, the chiral breaking terms coincide at both sides of eq. ( |159j ). On the 
other hand, equating the chiral preserving terms at both sides gives a relation between the 
functions N ind dimensions and the functions A in d+2 dimensions. (J~ c d+2 is a d+ 1-form, 

so W^ff ,m] must first be brought to a d + 1-dimensional form by applying D.) For d = 
and d = 2 the relations are 



— fx — fi2 — /21 — /123 — /231 + /: 



312 



(163) 
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where 



mi Z 

fu = — + — ~ 2(mi - m 2 )N 12 - \{A 121 + A 212 ) , 
mi m 2 6 

/123 = -\ + (AiV) 123 - ];A 1231 . (164) 

3 m 1 m 2 m 3 6 

These relations are checked by our calculation. 
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APPENDIX A: CHIRAL ANOMALY AND WZW ACTION 

Here we will collect some formulas which are needed in the text. The variation of the 
effective action under infinitesimal chiral rotations is the (consistent) chiral anomaly. As is 
well known, W + can be renormalized so that it is free from chiral anomalies and hence only 
the pseudo-parity odd component of the effective action is necessarily anomalous. 

Let Ql,r = exp(cxR,L)- Then, the LR version of the anomaly takes the form (where a is 
infinitesimal) 

5W LR,d=ol v ^ m ] = -(a R - a L ) = (-2a) , 

<^LR,d=2b> m ] = ( v RduR - v L da L ) = (2vda) , (Al) 
SW^ d=4 [v,m] = ({-4Fv + 2v 3 ) da). 

The LR anomaly presents two key features, first it does not depend on m and second, the 
two chiral sectors do not mix. In addition, it is consistent, i.e. a true variation. Let (v,m) 
be a field configuration obtained from another configuration (v, m) through a chiral rotation 
(Q L ,Q R ), i.e. (v,m) = (v,m) n . Then integration of the anomaly yields 

W L - R [u, m\ = W^ K [v, m] + T[v R , Sl R ] - T[v L , Q L ] . (A2) 

(r[v,Q] is the same function in both cases but with different arguments.) Reflecting the 
same property of the LR anomaly, the variation is composed of two terms which are not 
mixed and are independent of m. Explicitly, 



±r 3 + vr^, (A3) 

^ d=4 [v, n] = ( -i(r c 5 + v b ) + (r c 3 + v 3 )F - 2(r c + v)F' 

■-r 5 + vr 3 + v 2 r 2 - -(vr) 2 + v 3 r - 2Fvr\ , (A4) 
5 2/ 
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where r = Q~ 1 dQ and r c = Q~ x dQ — v. 

The VA version of the effective action is characterized by being vector gauge invariant. It 
is obtained from the LR version by subtracting an appropriate local polynomial counterterm, 

Wy A [v, m] = W^ R [v, m] - P ct [v] . (A5) 

Note that the counterterm is independent of m. Explicitly (Convention 1 applies) 

^ct,d=2H = (V R V L ) , 

Pct,d=M = (2F R [v L , v R ] + 2v R v 3 L - ~(v R v L ) 2 ^ . (A6) 

The corresponding VA anomaly is thus 

SWy A>d=2 [v, m] = <4 (F V - A 2 ) a A ) , (A7) 
SWvj^Jv, m] = (-4 (3F 2 + F 2 - AAF V A - {F v , A 2 } - A 4 ) a A ) , 

where v R l = V±A, Fy = D v = dV + V 2 and Fa = {D, A}. In addition, we have introduced 
the vector and axial variations through a R L = «y ± a a- As advertised, in this case there is 
no anomaly associated to vector transformations. 

Consider now the variation of the VA effective action 

Wy A [v, m] = Wy A [v, fh] + Ty A [v, U], U:= Q^Qr . (A8) 

Ty^[v,U] is the gauged WZW action which, by construction, saturates the VA anomaly. 
Because the anomaly is independent of m, so is IVa^, U]. In addition, since Wy A is vector 
gauge invariant its variation depends on Ql,r only through the combination U = Q^Qr, 
i.e., the axial part of fl The LR form of this relation is obtained by adding the counterterm 
P ct [v]. This gives 

W^ R [v, m] = Wy A [v, fh] + T LR [ Vj U] . (A9) 

Note that by construction IVa^, 1] = and r L R[t>, 1] = -PctM, so 

Ty A [v, U] = T LR [v, U] - T LR [v, 1] . (A10) 

Tlr^, 1] is known as the Bardeen subtraction. 

Comparing eqs. (|A3), (|A5|) and (|A9|) , it follows that 



T LR [v, U] = T(v R , n R ) - T(v L , tt L ) + P^v] . (All) 

On the other hand, noting that the Bardeen subtraction vanishes for purely right or left 
gauge fields, yields 

T[v, Q) = T lr [vr = v,v l = 0,U = G\. (A12) 
Explicitly, in two dimensions 

IW= 2 k U] = ^-^(U- l dU) 3 - U-HUvr + UdU~ l v L - U- l v L Uv R ^ . (A13) 
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In order to use the Conventions 1 and 2, let us define U as (U)lr — U and (U)rl = U 1 . 
Note that I/ -1 equals U with our conventions. In addition, let R — UdU. Then 

r L R,d=2[u, u ] = (-l R3 - 2Rv ~ UvUv ) ■ ( A14 ) 

In four dimensions 

I 



r L R,d=4[u, U] = (^-^R 5 - 2R 3 v + (Rv) 2 + 2R 2 vUvU + 2RUvUdv 

+2Rv 3 + 2RvUvUv + 2(/? + UvU){v, dv} + 2l/i/l/i/ 3 + -(UvUv) 



APPENDIX B: EXPLICIT FORMULAS FOR THE FUNCTIONS A AND N IN 

TWO AND FOUR DIMENSIONS 

For the currents we give the formulas for the associated functions A which are more 
symmetric. In two dimensions 
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m 1 + m 2 (mi + m 2 )(m\- mf) 



2m 1 m 2 , 2 / 2\ /tdi\ 

logimjm^ . (Bl) 



In four dimensions 



^123 = ^f 23 + ^23 log(/n?/m|) + A% 13 log(m 2 /m 2 ) (B2) 
^1234 = Af 234 + Af 234 log(m 2 ) + A L 2M1 \og{m 2 2 ) + Af 412 log(/T^) + A L il2Z \og{m 2 A ) (B3) 

(where the superindices R and L refer to rational and logarithmic components, respectively). 
With 

j^r 6(mim 2 + mi/7? 3 + m 2 m 3 ) 

123 (mi + m 2 )(mi + m 3 )(m 2 + m 3 ) 

_ 6mf(m 1 m 2 + m 1 m 3 + 2m 2 m 3 ) 

123 ~ (mi + m 2 )(mi + m 3 )(m 2 -m 2 )(m 2 -m 2 ) ' 

^ 6(mim 2 m 3 + m 1 m 2 m 4 + mim 3 m 4 + m 2 m 3 m 4 ) 

1234 (mi + m 2 )(mi + m 3 )(mi + m 4 )(m 2 + m 3 )(m 2 + m 4 )(m 3 + m 4 ) 
^ _ 6m 3 (mi(m 2 m 3 + m 2 m 4 + m 3 m 4 ) + 2m 2 m 3 m 4 - m 3 ) 

1234 (m 1 + m 2 )(m 1 + m 3 ) (m x + m 4 ) (m 2 - m 2 ) (m 2 - m 2 ) (m 2 - m 2 ) ' 

For the effective action in two dimensions 



Wb = _J^ i + i • (B8) 



m x m 2 ( \og(m\jm 2 2 ) 1 ( J_ J_ 
m 2 — m 2 , \ m 2 — m 2 2 \ m 2 m 2 

In four dimensions, the function 7V 123 can be written as 

iVi 23 = < 23 + JV£ 3 log(m 2 /m 2 ) - iV 3 L 21 log(m 2 /m 2 ) , (B9) 
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with 



iv 123 



2m 1 m 2 m 3 (m 2 - m 2 )(m 2 - m 2 2 )( mi - m 3 ) 

x ^3m 2 m 2 (mi — m 3 ) 2 + 4miAT?2 m 3( m i + m 3)(2m 2 — 3m 4 m 3 + 2m 2 — m 2 ) 
+ m 2 (m 4 + 10m 3 m 3 - 18m 2 m 2 + 10m! m 3 + m 4 ) - m 4 (mi + m 3 ) 2 ) , (BIO) 



iv 123 



(m 2 - m 2 ) 2 (m 2 - m 2 )^ - m 3 ) 
x (m 4 (m 2 - 2m 3 ) + m 2 (m2 + m 3 ) + m 2 2 ml(m 2 + m 3 ) 

+ m^m^ — 3m2m 3 — m 2 ) — mim 2 m 3 ( y m 2 — m 2 )^ . (Jill) 

Likewise, 

iVi 234 = N*u + Nf 2U log(m 2 ) + iV 2 L 341 log(m 2 ) + log(m 2 ) + N% m log(m 2 ) , (B12) 
where 

2(2m 2 + m 3 ) 2(2m 2 + m ± ) 



N- 



R _ _ 

12,51 4 V(m 2 — m2)(m2 — m|)(m 2 — m 4 ) (m 2 — m|)(/Tj| — m|)(m 2 + m 4 ) 
3(m 2 m 3 - m 1 (m 2 + m 3 )) 3(mim 2 - m 3 (m 1 + m 2 )) 



m 3 (m 2 — m|)(m 2 — m 2 )(m 3 — m 4 ) m^m 2 — m^mj — m 2 )(m! + m 4 ) 
m 2 m 3 + m 1 (m 2 + m 3 ) m2m3 + mi(m 2 + m 3 ) 



mi ( m 2_ m 2)( m 2_ m 2 )(mi _ m4) m3(m 2_ m 2 )(m 2_ m 2 )(m3 + m4) 

+ ) , (B13) 

mim2m 3 m 4 / 



1234 ~ 2(m 2 - m 2 ) 2 (m 2 - m 2 ) 2 (m 2 - m 2 ) 2 

x (6m^m 3 + (m 2 - m 4 )(m 2 m 3 m 2 + 3m? m 3 ) - m 1 m 2 mlm 4 (m 2 - m 4 ) 2 + 
+m 2 m 2 (m 3 (2m 4 + m 3 ) - m 3 (2m 2 + m 3 )) 

-m 4 (m 2 - m 4 )(2m2(m 3 + m 4 ) + m 2 m 4 (m 3 + 2m 4 ) + 2m 3 (m3 + m 2 )) 

+m 3 (— m 2 /^ + m2m 2 (2m 3 + m 4 ) + m2m 3 m 4 (2m 2 + m 2 ) + m\{— m 2 + m 3 m 4 + m 2 )) 

-m?(m 2 (4m 3 + m 4 ) + m 2 (-m 2 + 2m 3 m 4 + m 2 ) + m 3 (2m 2 - m 3 m 4 + 4m 2 )) j . (B14) 

We have tried to write these formulas in a form as simple as possible. In the case of 
^1234 this implies that the cyclic property is not manifest. 
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